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In this thesis, we study the topology of the moduli space of flat G-bundles over a

nonorientable surface Σ, where G is a compact Lie group. This moduli space may be

identified with the space of homomorphisms Hom(π1(Σ), G) modulo conjugation by G.

In particular, we compute the (rational) equivariant cohomology ring for Hom(π1(Σ), G)

and its image under localization to the fixed point set of a maximal torus when G =

SU(2), SO(3) and U(2), and use this to compute the ordinary cohomology groups of

the quotient Hom(π1, G)/G. A key property in these cases is that the conjugation ac-

tion is equivariantly formal. More generally, for G a connected compact group, T ⊂ G

a maximal torus, we determine a description of HT (Hom(π1(Σ), G)) as a subring of

HT (Hom(π1(Σ), T )) which is valid whenever this equivariant formality property holds.
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Chapter 1

Introduction

By the classification of compact surfaces ( Massey, [27]), every nonorientable connected

compact surface without boundary is homeomorphic to Σn for some n. Denote by

Σn := (RP 2)#(n+1) (1.1)

the (n+1)-fold connected sum of projective planes and let π1 := π1(Σn) denote the funda-

mental group of Σn. In this thesis we will study the space Hom(π1, G) of homomorphisms

from π1 into a compact connected Lie group G, equipped with the compact-open topol-

ogy.

The action of G on itself by conjugation determines an action of G on Hom(π1, G),

and the quotient Hom(π1, G)/G can be identified with the moduli space of flat G-bundles

on Σn. Furthermore, if the orientation double cover Σ̃n of Σn is endowed with a complex

structure, the smooth locus of Hom(π1, G)/G may also be identified with a moduli space

of holomorphic bundles over the Σ̃n equipped with antiholomorphic involution. These

identifications are explained in Chapter 2.

The object of this thesis is to describe both the ordinary cohomology ofHom(π1, G)/G

and the G-equivariant cohomology of Hom(π1, G). As we explain in appendix C, the

equivariant cohomology ring HG(Hom(π1, G)) is naturally isomorphic to the equivariant

1



Chapter 1. Introduction 2

cohomology ring of the space of flat G-bundles over Σn under the action of the gauge

group.

We will in fact be concerned with a broader family of varieties constructed as follows.

Let Σ∗n := Σn − D2 be the surface with boundary obtained by removing a small disk

from Σn and let π∗1 := π1(Σn). The punctured surface Σ∗n is contractible to a wedge of

circles, so π∗1 is a free group and the inclusion Σ∗n ↪→ Σn induces a surjection of groups

from π∗1 to π1. The loop around the boundary determines a distinguished element γ ∈ π∗1

and we will also consider the more general class of spaces HomC(π
∗
1, G) consisting of

homomorphism sending γ to a chosen conjugacy class C in the compact connected Lie

group G. In case C is the identity element, 1G, we recover Hom1G
(π∗1, G) ∼= Hom(π1, G).

We call the spaces HomC(π
∗
1, G) representation varieties for Σ∗n (with a warning to the

reader that the literature is inconsistent in this terminology).

It will actually be simpler to work with the subvariety Xn,G(c) ⊂ HomC(π1, G))

consisting of those homomorphisms sending γ to a representative c ∈ C of the conjugacy

class. Any maximal torus T containing c acts on Xn,G(c) and it is easily verified in

Chapter 3 that the equivariant cohomology ring HG(HomC(π
∗
1, G)) is easily computed

from HT (Xn,G(c)) as a subring of invariants under a Weyl group action.

In Chapter 5, we compute the Betti numbers of H(Xn,SU(2)(c)) in zero and odd char-

acteristic. This calculation allows us to deduce the following surprising corollary about

the equivariant cohomology of HomC(π
∗
1, SU(2)) (a review of equivariant cohomology is

provided in appendix A):

Corollary 1.0.1. The conjugation action of T on Xn,G(c) is equivariantly formal. Fur-

thermore, the conjugation action of SU(2) on HomC(π
∗
1, SU(2)) is also equivariantly

formal.

I call this corollary surprising because the analogous statement for orientable surfaces

is generally not true (in many cases the action is even free!). The T -fixed point set

of Xn,SU(2)(c) may be identified with Xn,T (c). Let i : Xn,T (c) → Xn,SU(2) denote the
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inclusion map. A consequence of equivariant formality is that the induced map

i∗ : HT (Xn,SU(2)(c))→ HT (Xn,T (c))

is injective. Because the cup product structure on HT (Xn,T (c)) is simple to understand,

the ring structure of HT (Xn,SU(2)(c) can be determined by describing the image of i∗.

This strategy is successfully employed in Chapter 6.

An important tool for the calculations in Chapters 5 and 6 is the concept of coho-

mological principal bundles. This concept is developed Chapter 4 and it is shown that

Xn,SU(2)(c) is cohomological Z2-principal bundle over the product space SU(2)n. Coho-

mological principal bundles have also found application in §7.1, §8.3 and Baird [3].

Also useful for calculations is the presence of a grading by the group Ť2⊕Z2 on most

cohomolgy rings of interest. Here T2 is the 2-torsion subgroup of the maximal torus T

and Ť2 is the group of characters. We describe this grading on HT (Xn,T (c)) in Chapter

3 and the gradings on the remaining cohomology rings are inherited from this one.

In Chapter 7, we use the results of Chapter 5 and Chapter 6 to compute the ordinary

cohomology groups of the quotient, HomC(π1, SU(2))/SU(2), and to determine the ring

structure up to a Hochschild extension problem. The strategy is stratifyHomC(π1, SU(2))

according to orbit type and use the resulting long exact sequences in equivariant and in

ordinary cohomology. To determine the equivariant cohomology of the lower strata,

we derive a general formula for the equivariant cohomology of G-spaces whose isotropy

groups all contain maximal tori.

In Chapter 8 we collect a number of open-ended results that hold for more general

compact connected groups G:

In §8.1, we extend many of the results already proven for G = SU(2) to G = SO(3),

U(2) and more generally to compact connected Lie groups with semisimple rank 1. This

is a routine matter, but the formulas are valuable in §8.2 where we consider general

compact connected G.
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The fact that the T action on HomC(π1, G) is equivariantly formal for G of semisimple

rank 0 or 1 raises the question of whether it may be equivariantly formal for general

compact, connected G. In §8.2, it is shown that if equivariant formality does hold for a

particular G, then the computation of the image of the localization map, and hence of

HG(HomC(π1, G)) as a ring, reduces to the semisimple rank 1 case. This computation is

carried out for some simple examples, and the results help support the contention that

equivariant formality may hold generally. Furthermore many of the nice properties that

hold in the SU(2) appear to generalize to general G.

In §8.3 we ask the question: In what manner does the cohomological principle bundle

structure of Hom(π1, SU(2)) generalizes when SU(2) is replaced by a general compact

connected group? The answer is what we call a cohomological covering map, but one

for which the deck transformations do not act transitively on fibres. One fruit of this

investigation is the computation of the Euler number of HomC(π1, G) in Theorem 8.3.3.

The construction leads naturally to other cohomological principal bundles into which

the cohomology ring of HomC(π1, G) embeds in an obvious way and seems a promising

avenue for future work.

We provide four appendices. Appendix A is a review of equivariant cohomology from

the Borel model perspective and collects together a number of lemmas that we apply

throughout this thesis. We will make frequent use of this material, and we recommend

that nonexperts browse through this appendix early on. Appendix B reviews graded

objects and Poincaré polynomials, and is intended as a quick reference for definitions

and notation. In appendix C we make explicit the relationship between representation

varieties and flat G-bundles. Appendix D contains some relevant material about real

algebraic geometry, which provides some useful topological results and serves to clarify

a few scattered remarks, but is not of central importance.

Finally, we discuss a few notational conventions. We will always denote homology

with a degree subscript: H∗( ) but will generally suppress the superscript on cohomology:
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H∗( ) = H( ). We will jump freely between sheaf and singular cohomology, using the

fact that they are canonically isomorphic for CW-complexes. Coefficients will usually be

taken in a field F . G will denote a compact connected Lie group, T ⊂ G a maximal

torus, g and t their respective Lie algebras, and W = N(T )/T the Weyl group. If G acts

on a set X, then Gx will be the isotropy group of x ∈ X and XG will denote the fixed

point set. We will use dim( ) to denote dimension of either a vector space or a manifold,

and rk( ) to denote the rank of free module or a Lie group. Recall that for G a compact

Lie group with maximal torus T , rk(G) = rk(T ) = dim(T ). We use Zn to denote the

cyclic group Z/nZ.



Chapter 2

History and Context

Moduli spaces of flat bundles over orientable surfaces have been studied since at least the

1930s . These spaces have found applications in areas as diverse as Casson’s Invariant and

Heegard Floer Homology, moduli of curves, Geometric Langlands, Conformal Field The-

ory and the representation theory of loop groups, Yang-Mills theory and Chern-Simons

theory. The diversity of applications can be attributed to their tripartite interpretation

in terms of representation theory, gauge theory and algebraic geometry which we outline

below, along with generalizations to nonorientable surfaces.

Let Σ denote a compact real 2-manifold, which for simplicity we take to be boundary

free. A flat G-bundle (P,A) over Σ is a principal G-bundle P → Σ equipped with a flat

connection A. Let Π : Σ̃→ Σ denote the universal cover of Σ, which is a principal bundle

with structure group π1(Σ), and consider the trivial principal G-bundle P̃ := Σ̃ × G

equipped with the trivial flat connection, where here G acts by multiplication on the

right. Given a representation ρ : π1(Σ) → G, consider the action of π1(Σ) on P̃ by

h · (x, g) = (xh−1, hg). This respects the G action and leaves the connection invariant, so

the quotient Σ̃×G/π1(Σ) is a principal G-bundle with flat connection over Σ̃/π1(Σ) = Σ.

It is easy to see that this construction is reversible, so it determines a bijection of sets:

6
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Hom(π1(Σ), G)/G ∼= isomorphism classes of flat bundles on Σ (2.1)

This construction works equally well over any manifold. The bijection (2.1) is in fact

a homeomorphism if we endow Hom(π1(Σ), G) with the compact-open topology and the

set of isomorphism classes of flat bundles with the subquotient topology induced by any of

the natural topologies that can be placed on the space of connections or some completion

there of ( see Atiyah-Bott [2] for more details). As the correspondence (2.1) is quite

elementary, we will sometimes blur the distinction between moduli of representations

and moduli of flat bundles.

For a locally trivializing open covering of Σ, a flat bundle (P,A) determines a local

trivialization with locally constant transition functions, up to equivalence. If Σ is endowed

with an almost complex (and hence automatically complex) structure J , and we include

G ⊂ H where H is a complex group, then these locally constant transition functions

determine locally constant, hence holomorphic, transition functions for an H-bundle and

so we get a map from the set of isomorphism classes of flat G-bundles to the set of

isomorphism classes of holomorphic H-bundles over (Σ, J). For instance, setting G =

H = Gln(C) and composing with the isomorphism (2.1), we get a map:

Hom(π1(Σ), Gln(C))/Gln(C)→ isom. classes of degree zero holomorphic bundles over(Σ, J)

(2.2)

However, this map is neither injective, nor surjective.

Example 1. In the case G = Gl1(C) = C∗, we have Hom(π1(Σ),C∗)/C∗ ∼= Hom(H1(Σ,Z),C∗) ∼=

H1(Σ,C∗). Using the short exact sequence of constant sheaves 1 → Z → C → C∗ → 1

we find H1(Σ,C∗) ∼= H1(Σ,C)/H1(Σ,Z) ∼= (C∗)2g where g is the genus of Σ. On the

other hand, the Jacobian for (Σ, J) is H(0,1)(Σ,C)/H1(Σ,Z) ∼= (S1)2g. The map (2.2) is

determined by projection H1(Σ,C)→ H(0,1)(Σ,C), and so is not injective.
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The failure of surjectivity was addressed by Weil [39] in 1938, who showed that the

holomorphic bundles constructible via this prescription are precisely those whose inde-

composible components have degree 0. The failure of injectivity proved a more difficult

problem to fix. In 1965, Narasimhan and Seshadri [31] showed that by restricting to

unitary homomorphisms, we obtain a bijection and homeomorphism:

Hom(π1(Σ), U(n))/U(n)→M(n, 0) (2.3)

where M(n, d) denotes the moduli space of rank n, degree 0, semistable holomorphic vec-

tor bundles over (Σ, J). Semistability is a condition from geometric invariant theory that

is imposed to give the moduli space the structure of a projective variety. A holomorphic

bundle E → Σ is called (slope) semistable if for every holomorphic subbundle F ⊂ E,

deg(F )/rk(F ) ≤ deg(E)/rk(E). (2.4)

A bundle E is called stable if the strict version of inequality (2.4) holds for all F , and

stable bundles correspond to irreducible representations under the bijection (2.5). So the

correspondence (2.5) restricts to:

Homirr(π1(Σ), U(n))/U(n)→M(n, 0)stable (2.5)

where M(n, 0)stable ⊂M(n, 0) is a nonsingular Zariski open subset.

Example 2. Consider Hom(π1(Σ), U(1))/U(1). Because U(1) is abelian, any homomor-

phism maps through H1(Σ,Z) and the conjugation action is trivial. Thus

Hom(π1(Σ), U(1))/U(1) ∼= Hom(H1(Σ,Z), U(1)) ∼= U(1)2g

where g is the genus of Σ, which we recognize as identifiable with M(1, 0), the Jacobian

of Σ.
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More generally, let Σ∗ denote Σ minus a small disk. Let C denote a conjugacy class

in U(n), and let HomC(π1(Σ∗), U(n)) denote those homomorphisms that sends a loop

around the boundary to the conjugacy class C. Then a more general version of the

Narasimhan-Seshadri correspondence says:

Homexp(2πid/n)1U(n)
(π1(Σ), U(n))/U(n)→M(n, d)

Later, in 1980, Mehta and Seshadri [28] showed that HomC(π1(Σ∗, U(n)) is homeomor-

phic to the moduli space of parabolic bundles, which are holomorphic bundles decorated

by a partial flag in the fibre over a marked point. Still more generally, the Narasimhan-

Seshadri correspondence extends to a correspondence between moduli spaces of flat G-

bundles for a compact connected group G and moduli spaces of parabolic GC-bundles

over (Σ, J).

Moduli spaces of flat connections can often be interpreted as moduli spaces of minimal

Yang-Mills connections. We will explain this correspondence now in the case ofG = U(n).

Let Σ be a closed, orientable surface and let D ⊂ Σ be a small disk. Endow Σ with a

Riemannian metric h, inducing both a complex structure J and a volume form ω, and

normalize h so that
∫
ω = 1. Let P → Σ denote a U(n)-principal bundle of degree d over

Σ and let AP denote the space of connections on P . The Yang-Mills functional YM :

AP → R is defined by YM(A) =
∫
|FA|2ω and it achieves its minimum on connections

satisfying FA = λIn×n ⊗ ω where λ is a constant scalar which by Chern-Weil must equal

2πid. When d = 0, minimal Yang-Mills connections are the same as flat connections

and we are done. For the remaining cases, choose a two form µ ∈ Ω2(Σ, u(1)) satisfying

µ = −2πid/n on Σ−D and
∫
µ = 0. Then there exists θ ∈ Ω1(Σ, u(1)) satisfying dθ = µ

which defines a connection dθ on the trivial U(1)-bundle over Σ. Twisting by dθ defines an

automorphism AP → AP sending minimal Yang-Mills connections to connections with

zero curvature outside of D. Pulling back to Σ∗ = Σ−D establishes the correspondence.

The NS theorem is essentially equivalent to the statement that a stable holomorphic
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bundle over (Σ, J) possesses a unique hermitian metric up to holomorphic automorphisms

of the bundle, for which the induced connection is a Yang-Mills minimum. In 1983,

Donaldson [9] provided a new proof of the Narasimhan-Seshadri theorem by directly

proving the existence of such a metric. Donaldson’s result was later generalized by

Uhlenbeck and Yau [36] to all compact Kaehler manifolds, and it is known in this more

general context as the Kobayashi-Hitchin correspondence.

At first glance, there seems to be no hope of extending the holomorphic interpretation

of the character variety to the case of a nonorientable surface, because a nonorientable

surface can not be equipped with a complex structure. However in 1996, Wang [37]

proved a version of Narasimhan-Seshadri valid for nonorientable surfaces. The idea is to

circumvent the orientability obstruction using the notion of d-complex structures.

A d-complex structure on a manifold is defined using coordinate patches to open sets

in Cn, subject to the restriction that the transition functions must each be either holomor-

phic or antiholomorphic. On a two dimensional manifold Σ, such a structure is uniquely

determined by a conformal structure on Σ. A notion of d-holomorphic vector bundles is

defined analogously, and Wang proves the d-holomorphic version of Donaldson’s theorem.

Thus:

Homirr(π1(Σ), U(n))/U(n) ∼=M(Σ, n, d)stable

where M(Σ, n, d) is the moduli space of semistable d-holomorphic bundles on a d-

holomorphic curve Σ.

A d-holomorphic vector bundle over nonorientable Σ may be thought of a real struc-

ture on a holomorphic vector bundle as follows. Let Σ̃ → Σ be the orientation double

cover, with deck transformation τ . A conformal structure on Σ induces one on Σ̃ and a

choice of orientation determines a complex structure (Σ̃, J) for which τ is an antiholo-

morphic involution. We call τ a real structure on (Σ̃, J). A d-holomorphic bundle on Σ

pulls back to a holomorphic bundle on Σ̃ equipped with an antiholomorphic involution,
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for which the bundle map commutes with τ , which we call a holomorphic bundle with real

structure over (Σ̃, J, τ). It is not hard to see that quotienting by the involution of a holo-

morphic bundle with real structure over (Σ̃, J, τ) results in a d-holomorphic bundle over

Σ. This reverses the pullback construction and we get a bijection between isomorphism

classes of d-holomorphic bundles over Σ and isomorphism classes holomorphic bundle

with real structure over (Σ̃, J, τ). Under this correspondence a bundle is called stable

if the strict slope stability inequality (2.4) holds for all holomorphic subbundles with

are invariant under the involution, and Wang’s theorem establishes a homeomorphism

between Homirr(π1(Σ), U(n))/U(n) and the moduli space of stable holomorphic vector

bundles with real structure over (Σ̃, J, τ).

We turn now to the problem of describing the topology of these varieties.

The cohomology groups of Hom−1SU(2)
(π1(Σ∗), SU(2))/SU(2) were first computed by

Newstead [32] in 1967. His approach is via induction on the genus of Σ, by studying

long exact sequences relating the moduli spaces for consecutive genuses. Our approach

to the nonorientable case in Chapter 5 parallels his in some respects, though calculations

seem to go more smoothly in our context. Later, in 1972 Newstead [33] constructed

cohomology classes in H∗(M(n, 1)) which he conjectured to generate it as a ring.

In 1970, Harder [18] studied the prime characteristic version of the moduli spaces of

stable bundles and by comparing his results with those of Newstead, provided evidence

in support of the Weil conjectures. The Weil conjectures were proved shortly afterwards,

and in 1975 Narasimhan and Harder [19] turned the argument around to compute the

Betti numbers of M(n, d) for (n, d) coprime.

In 1982, Atiyah and Bott [1] proved Newstead’s conjecture about the cohomology

generators and provided recursive formulas computing Betti numbers for M(n, d) for

(n, d) coprime. Their idea was to consider the Yang-Mills functional YM on the space

AP of U(2)-connections on a prinicipal U(n)-bundle P as a Morse-Bott function. It

was mentioned earlier that the set AminP on which YM attains its minimum is the set of
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connections of constant curvature. Atiyah and Bott show that YM is equivariantly perfect

for the action of the gauge group G. In particular the map in equivariant cohomology

HG(AP )→ HG(AminP ) is surjective and the Poincaré series for HG(AminP ) can be expressed

in terms of the Poincaré series for AP and those of the higher critical sets. In the case

n, d are coprime, G acts freely, so HG(AminP ) ∼= H(AminP /G) ∼= H(M(n, d)). The affine

space AP is contractible, so HG(AP ) ∼= H(BG), while the higher critical sets may be

expressed in terms of the moduli spaces of lesser rank.

In this orientable surface context, A possesses a symplectic structure, for which the

curvature forms the moment map for the gauge group action. Thus YM is the norm

square of the moment map. In 1984, Kirwan [25] considered the norm square of the

moment map for compact groups and proper moment maps and proved that it is equiv-

ariantly perfect. Thus Atiyah and Bott’s discovery can be thought of as an infinite

dimensional manifestation of Kirwan’s theorem.

In the case of nonorientable surface, much less is known. In 2004, Ho and Liu [20]

were able to classify the set of components of the moduli space. More recently, Ho and

Liu [22], [21] considered the Yang-Mills functional YM on the space of connections over

a nonorientable surface. Because H2(Σ; R) = 0, the Yang-Mills minima always consists

of flat connections for nonorientable Σ. In contrast to the orientable case, they find that

YM is not equivariantly perfect for the gauge group action. Furthermore, we will see

in Corollary 5.3.7 that map HG(AP ) → HG(AminP ) fails to be surjective. In hindsight

this should not be surprising because the space of connections over a nonorientable Σ

is not a symplectic manifold, but is better thought of as including via pullback as a

Lagrangian subspace of the space of connections on its orientation double cover. It does

mean that different methods are required to compute cohomological information, and

that considerably different behaviour might be expected, as proves to be the case.



Chapter 3

Setup and Notation

Let Σ∗n be defined as in Chapter 1. The fundamental group of Σ∗n has a presentation:

π∗1 = π1(Σ∗n) ∼= {a0, a1, ..., an, γ|
n∏
i=0

a2
i = γ}

where γ is a loop around the boundary. Let G be a compact connected Lie group and let

C ⊂ G be a conjugacy class. Because a homomorphism is determined by where it sends

the generators, we obtain an isomorphism:

HomC(π
∗
1, G) ∼= {(g0, g1, ..., gn) ∈ Gn+1|

n∏
i=0

g2
i ∈ C} (3.1)

under the map sending φ ∈ HomC(π1, G) to (φ(ao), ..., φ(an)), so we may identify the

homomorphism space with a subset of Gn+1 via (3.1). We may think of HomC(π
∗
1, G) as

the preimage of C under the map 2n : Gn+1 → G, defined by:

2n(g0, ..., gn) =
n∏
i=0

g2
i (3.2)

According to [10], every compact Lie group admits uniquely the structure of a real alge-

braic group. The map 2n is regular and C ⊂ G is Zariski closed, so HomC(π
∗
1, G) is a

compact real algebraic variety. We will need the following easy Lemma later:

Lemma 3.0.2. The map 2n : Gn+1 → G is surjective.

13
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Proof. The exponential map exp : g→ G is surjective because G is a connected compact

Lie group. For g = exp(η), we have 2n(exp(η/2), 1G, ..., 1G) = exp(η/2)2 = g.

Notice that the restriction of 2n toHomC(π
∗
1, G) determines a map π : HomC(π

∗
1, G)→

C, which by (3.0.2) is necessarily surjective. The map π is G-equivariant under the conju-

gation action, so because G acts transitively on C, π must be an equivariant fibre bundle.

Choose c ∈ C and define Xn,G(c) := 2−1
n (c) to be the fibre of π over c. As a subset of

Gn+1 we have

Xn,G(c) ∼= {(g0, ..., gn) ∈ Gn+1|
n∏
i=0

g2
i = c}

Let Gc denote the centralizer of c in G. Because G acts transitively on the base C

every G-orbit in HomC(π
∗
1, G) must pass through the fibre Xn,G(c), so

HomC(π
∗
1, G)/G ∼= Xn,G(c)/Gc

Furthemore, it follows from a standard theorem in equivariant cohomology (Theorem

A.1.6) that there is a natural isomorphism:

HG(HomC(π
∗
1, G)) ∼= HGc(Xn,G(c))

BecauseXn,G(c) is smaller and simpler thanHomC(π
∗
1, G), we will generally prefer to work

with Xn,G(c) with the restricted action of a maximal torus T containing c. This choice

may be problematic when Gc is disconnected since equation (A.7) requires connectedness,

but in most interesting cases (if G is 1-connected or c is central or c is generic) Gc is

connected, and we have

HT (Xn,G(c))WGc ∼= HG(HomC(π
∗
1, G)).

Let T ⊂ G be a maximal torus containing c. This induces an inclusion
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i : Xn,T (c) ↪→ Xn,G(c)

which coincides with the T -fixed point set Xn,G(c)T for the conjugation action of T on

Xn,G(c). Because T is abelian, the defining relation for Xn,T (c) simplifies.

Xn,T (c) = {(g0, ..., gn) ∈ T n+1|
n∏
i=0

g2
i = c} = {(g0, ..., gn) ∈ T n+1|(

n∏
i=0

gi)
2 = c} (3.3)

=
⋃
d2=c

{(g0, ..., gn) ∈ T n+1|
n∏
i=0

gi = d} (3.4)

For any choice of (g1, ..., gn) ∈ T n and d ∈ T , there is a unique g0 ∈ T satisfying∏n
i=0 gi = d, and every element of T has 2rk(T ) square roots. We deduce:

Proposition 3.0.3. For T ⊂ G a maximal torus containing c, the T fixed point set of

Xn,G(c) has connected components indexed by the set {d ∈ T |d2 = c} of order 2rk(T ), and

each component is isomorphic to T n.

It will be worthwhile to fix, once and for all, a preferred isomorphism between the

components of Xn,T (c) and T n. Let

ρT : Xn,T (c)→ T n, ρT (g0, g1, ..., gn) = (g1, ..., gn) (3.5)

be projection onto the last n factors. It follows from the preceding discussion that ρT

maps each component isomorphically onto T n and that ρT is a trivial 2rk(T ) : 1 covering

map.

The group of deck transformations of ρT is the symmetric group on 2rk(T ) elements.

We will be more interested in a particular subgroup of deck transformations that acts

freely and transitively on fibres.

Let T2 := {t ∈ T |t2 = 1T} =
√

1T denote the group of 2-torsion elements in T . Note

that T2
∼= Zrk(T )

2 .
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Proposition 3.0.4. The 2-torsion group T2 acts on Xn,T (c) by multiplying the 0th factor,

so that k · (t0, ..., tn) = (kt0, t1, ..., tn). This action leaves ρT invariant and is free and

transitive on the set of connected components of Xn,T (c).

Proof. The action is well defined because 2n(k · (t0, ..., tn)) = k22n(t0, ..., tn) = c. The

components of Xn,T (c) are indexed by
√
c ⊂ T and it is clear that T2 =

√
1T will act freely

and transitively on
√
c. Because the action affects only the 0th factor, it will certainly

leave ρT invariant.

The induced T2 on cohomology is by ring automorphisms, so the weight space de-

composition produces a grading on cohomology (see appendix B for a review of graded

objects).

Corollary 3.0.5. Over coefficient fields F of characteristic other than 2, there is an

isomorphism of Ť2 ⊕ Z2-graded rings:

HT (Xn,T (c)) ∼= FŤ2 ⊗H(T n)⊗H(BT )

where Ť2 the group of T2-characters.

Proof. Let I be the T2-torsor of connected components of Xn,T (c). It follows from Propo-

sition 3.0.4 that HT (Xn,T (c)) ∼= H0(I)⊗H(T n)⊗H(BT ) as a Z2-graded T2-module, where

T2 acts only on the H0(I) = FI factor. Choosing a T2-equivariant isomorphism T2
∼= I

determines an isomorphism H0(I) ∼= FŤ2 as rings.

One of the principal objects of interest for us is the localization map:

i∗ : HT (Xn,G(c))→ HT (Xn,T (c))

We will learn in Chapter 5 that when G = SU(2), i∗ is injective and in Chapter 6 we

will describe im(i∗). In Chapter 8, we will describe im(i∗) for more general choices of
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G, under the assumption that i∗ is injective. We will find that i∗ is well behaved with

respect to the grading, and in fact HT (Xn,G(c) inherits a Ť2 ⊕ Z2 grading via i∗.

The T2 action on Xn,T (c) does not extend to an action on Xn,G in general. However

it does extend in the case G = SU(2), because in that case T2 = Z(SU(2)) = {±1SU(2)}.

The extended action of T2 on Xn,SU(2) determines the structure of a cohomological prin-

cipal bundle, a concept we introduce in the next chapter.



Chapter 4

Cohomological Principal Bundles

Definition 1. Given topological spaces X and Y , we say that a continuous map f :

X → Y is a cohomological fibre bundle for the cohomology theory H if there exists a fibre

bundle π : X̃ → Ỹ fitting into a commutative diagram

X̃ //

π

��

X

f

��
Ỹ // Y

(4.1)

such that the horizontal arrows induce isomophisms in H-cohomology.

Definition 2. A cohomological fibre bundle f : X → Y is called a cohomological G-

principal bundle if π : X̃ → Ỹ is a principal G-bundle. We call G a structure group for

f : X → Y .

Definition 2 differs from the definition of cohomological principal bundles found in

[3]. The definition was broadened in view of examples in §8.3. Instead we rename the

cohomological principal bundles from [3], strong cohomological principal bundles below.

Definition 3. Let f : X → Y be a continuous map between topological spaces X and Y

where X is a paracompact Hausdorff space, and let Γ be a topological group acting freely

on the right of X, such that π : X → X/Γ is a principal bundle. We say (f : X → Y,Γ)

18
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is a strong cohomological principal bundle for the cohomology theory H if:

i) f is a closed surjection

ii) f descends through the quotient to a map h,

X

π
��

idX // X

f

��
X/Γ h // Y

iii) H(h−1(y)) ∼= H(pt) for all y ∈ Y

Corollary 4.0.6. If (f : X → Y,Γ) is a a strong cohomological principal bundle and X is

metrizable, then for Z ⊂ Y , and W := f−1(Z) ⊂ X, the restricted map (f |W : W → Z,Γ)

is also a strong cohomological principal bundle.

Proof. The only conditions that are not obvious are that the restriction f |W is closed and

that W is paracompact. But for B ⊂ X closed, f |W (B∩W ) = f(B∩f−1(Z)) = f(B)∩Z

is closed. The metrizable condition guarantees that W is paracompact (Engleking [12])

.

Let H(X;F ) denote sheaf cohomology of the constant sheaf FX , where F is a field (in

all applications we have in mind, sheaf cohomology is isomorphic to singular cohomology).

Proposition 4.0.7. For sheaf cohomology H(.;F ), strong cohomology principal bundles

are cohomology principal bundles.

Proof. Let (f : X → Y,Γ) be a strong topological principal bundle. Since X is a

paracompact Hausdorff space, X/Γ is as well (see Engelking [12] 5.1). The induced map

h : X/Γ→ Y satisfies the conditions of the Vietoris Mapping Theorem 4.0.8, so

h∗ : H(Y ;F ) ∼= H(X/Γ;F ).

Thus the commutative diagram,
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X

π
��

idX // X

f

��
X/Γ h // Y

satisfies the defining properties for f : X → Y to be a cohomological principal bundle.

We used above the following standard result(see Bredon [6] 11.7):

Theorem 4.0.8. [Vietoris-Begle mapping theorem] Let h : Z → Y be a closed surjection,

where Z is a paracompact Hausdorff space. Suppose that for all y ∈ Y , H(f−1(y);F ) ∼=

H(pt;F ). Then

f ∗ : H(Y ;F )→ H(Z;F )

is an isomorphism.

Our main interest in cohomological principal bundles derives from the following stan-

dard fact about finite group actions (Bredon [6] 19.2).

Theorem 4.0.9. Let X be a topological space, let Γ be a finite group acting on X and let

π : X → X/Γ denote the quotient map onto the orbit space X/Γ. If F is a field satisfying

gcd(char(F ),#Γ) = 1, then the induced map π∗ restricts to an isomorphism

π∗ : H(X/Γ;F )→ H(X;F )Γ

where H(X;F )Γ denotes the ring of Γ invariants.

As an immediate consequence we deduce:

Corollary 4.0.10. Let f : X → Y be a cohomological principal bundle for H(.;F )

with finite structure group Γ satisfying gcd(char(F ),#Γ) =1. Then f ∗ : H(Y ;F ) ∼=

H(X;F )Γ.
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Though Proposition 4.0.10 suffices for our purposes, it will often be more convenient

to use the following corollary:

Corollary 4.0.11. Let Γ be a compact Lie group with N connected components, and let

Γ0 be the identity component. Let (f : X → Y,Γ) be a strong cohomological principal

bundle for H(.;F ), where gcd(char(F ), N) = 1 and X is a paracompact Hausdorff space.

Then H(Y ;F ) ∼= H(X/Γ0;F )Γ/Γ0.

Proof. f descends to a map g : X/Γ0 → Y and the residual action of Γ/Γ0 acts on X/Γ0

making the pair into a strong cohomological covering map. Since X → X/Γ0 is a principal

bundle, it is a closed map and thus X/Γ0 is paracompact Hausdorff (see Engelking [12]

5.1). The result then follows from Corollary 4.0.10 and Proposition 4.0.7.



Chapter 5

Cohomology of Hom(π1, SU(2))

In this chapter, we will compute the Poincaré polynomial for the space Xn,SU(2)(c).

Throughout this chapter, we let G denote the Lie group SU(2), g = su(2) its Lie al-

gebra and T ⊂ G the maximal torus of diagonal matrices in SU(2). The two torsion

group T2
∼= Z(SU(2)) is the two element group Z2.

5.1 Hom(π1, SU(2))→ SU(2)n is a cohomological prin-

cipal bundle

The first step will be to prove that Xn,G(c) is a cohomological principal bundle over Gn.

For g ∈ G, denote by
√
g := {h ∈ G|h2 = g}.

Lemma 5.1.1. If g ∈ SU(2), then up to diffeomorphism,

√
g ∼=


S2 g = −1SU(2)

S0 otherwise

.

Proof. The statement is clear when g has distinct eigenvalues. When g = 1G the only

square roots are ±1G. For g = −1G, its square roots have distinct eigenvalues ±i, and

are uniquely determined by a choice of +i-eigenspace. Thus
√
−1G ∼= CP 1 ∼= S2.

22
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This special conjugacy class
√
−1SU(2) will play an important role in §6.3. Let Z(G) =

{±1G} denote the centre of SU(2).

Lemma 5.1.2. For g ∈ SU(2), Z(G) ∼= Z2 acts on
√
g by right multiplication and

H(
√
g/Z(G), F ) ∼= H(pt;F ) for fields F of characteristic not equal to 2.

Proof. Certainly the action is well defined because h2 = (−h)2, for h ∈ SU(2). From

Lemma 5.1.1, it follows that,

√
g/Z(G) =


RP 2 g = −1SU(2)

pt otherwise

both of which have the cohomology of a point over fields of characteristic not equal to

2.

Recall from Chapter 3 that 2n : Gn+1 → G is defined by 2n((g0, ..., gn)) =
∏n

i=0 g
2
i .

Proposition 5.1.3. Let ρ′ : SU(2)n+1 → SU(2)n denote projection onto the last n

factors, so that ρ′((g0, g1, ..., gn)) = (g1, ..., gn) and let π′ := ρ′ × 2n : SU(2)n+1 →

SU(2)n+1. Define an action α : Z2× SU(2)n+1 → SU(2)n+1, where α(−1) multiplies the

0th factor by −1. Then

(π′ : SU(2)n+1 → SU(2)n+1,Z2)

is a strong cohomological principal bundle for characteristic not equal to 2.

Proof. Surjectivity follows easily from Lemma 3.0.2, and closedness follows from com-

pactness. The Z2 action clearly leaves ρ′ invariant and it leaves 2n invariant because the

minus sign disappears under squaring, so π′ is invariant. It only remains to study the

fibres of π′. For (g1, ..., gn, c) ∈ SU(2)n+1,
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π′−1((g1, ..., gn, c)) = {(g0, ..., gn) ∈ SU(2)n+1|2n(g0, ..., gn) = c}

∼= {g0 ∈ SU(2)|(g0)2 = c2n−1(g1, ..., gn)−1} =
√
c2n−1(g1, ..., gn)−1

so by Lemma 5.1.2, H(π′−1((g1, ..., gn, c))/Z2) is trivial.

Corollary 5.1.4. The restrictions of π′ in (5.1.3) to π : HomC(π
∗
1, SU(2))→ SU(2)n×C

and π : Xn,SU(2)(c) → SU(2)n × {c} ∼= SU(2)n are cohomological principal bundles for

the restricted Z2 action.

Proof. Simply apply Remark 4.0.6 to the strong cohomological principal bundle 5.1.3

and the subspaces SU(2)n × C and SU(2)n × {c}.

Remark 1. Since 2n sends the variety Xn,G(c) to the point c, it is also true that the

restriction of the projection map ρ′ : Gn+1 → Gn to ρ : Xn,G(c)→ Gn is a cohomological

Z2-principal bundle.

In §8.3 we provide a deeper explanation for Proposition 5.1.3 and explore to what

degree it generalizes to other compact Lie groups.

5.2 Regular and singular values of 2n

Use right invariant vector fields to identify

TGn+1 ∼= Gn+1 × gn+1 (5.1)

then differentiating the equation 2n((g0, ..., gn)) =
∏n

i=0 g
2
i , the tangent map T2n is:

T2n,(g0,...,gn)(ξ0, ..., ξn) =
n∑
k=0

(Ad(g2
0 ...g

2
k−1)(ξk + Adgk

(ξk))

In particular (g0, ..., gn) is a regular point for 2n so long as Idg +Adgi
is nonsingular for

at least one i ∈ {0, ..., n}. The adjoint action of G on g acts through SO(g) ∼= SO(3),
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so Idg +Adg is singular precisely when Adg is rotation by 180 degrees, which happens if

and only if g2 = −1G. We deduce,

Proposition 5.2.1. The only singular value of 2n : SU(2)n+1 → SU(2) is (−1G)n+1.

We will denote:

Xs
n := Xn,G((−1G)n+1)

where s stands for singular. Because the set of regular values G \ (−1G)n+1 is connected,

it follows by the product neighbourhood theorem (see Milnor [29]) that all the remaining

fibres of 2n are diffeomorphic. Indeed, 2n must restrict to a trivial fibre bundle over

contractible set G \ (−1G)n+1. We set

Xr
n := Xn,G((−1G)n) (5.2)

where r stands for regular. For any generic c ∈ G we get Xr
n
∼= Xn,G(c) and for generic

conjugacy class C ⊂ G, C ∼= S2 so

HomC(π
∗
1, G) ∼= Xr

n × S2. (5.3)

It may be helpful to consider some examples for small n. The simplest examples

are Xr
0
∼= S0 and Xs

0
∼= S2. The next example is somewhat trickier. Identify S2 with

the adjoint orbit of diag(i,−i) ∈ su(2) and identify S1 ∼= R/2πZ. Consider the map

f : S2 × S1 → SU(2) defined by f(X, t) = exp(tX). This map is G-equivariant, where

G acts trivially on the S1 factor and by the adjoint action on the S2 factor.

Proposition 5.2.2. Define F : S2×S1 → SU(2)2 by F (X, t) = (f(X, t), f(X,−t+π/2)).

Then F restricts to a SU(2)-equivariant diffeomorphism

S2 × S1 ∼= Xr
1

where we view Xr
1 as a subset of SU(2)2.
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Proof. Equivariance is immediate. We have exp(tX)2exp((−t + π/2)X)2 = exp(πX) =

−1SU(2), so f maps into Xr
1 . The tangent map df(X,t) is injective for t /∈ πZ, so it follows

that F is an immersion. Injectivity and surjectivity are straightforward to verify.

5.3 Betti numbers of Xr
n and Xs

n

In this section we compute the Betti numbers of Xr
n and Xs

n for H(.) = H(.;F ) where

F is a field of characteristic not equal to 2. The proof will be by induction, using the

long exact sequences (5.5) and (5.8). The cup product structure will be determined in

Chapter 6.

The trace function on G = SU(2) takes only real values and describes a height

function for an imbedding of G ∼= S3 in R4. Letting tr : G → R denote the trace map,

the image of tr is [-2,2] and its only singular points are {±1G} where it achieves its extreme

values { 2, -2}. It follows from Proposition 5.2.1 that the function f := tr◦2n : Gn+1 → R

has singular loci Xr
n and Xs

n where f achieves its extreme values.

The map f is real algebraic, so it is a rug function for Xs
n ⊂ Gn as defined in Definition

12 of Appendix D. In particular, the inclusion Xs
n → f−1([−2, 2)) = Gn+1 \ Xr

n is a

homotopy equivalence. We deduce using Poincaré duality that:

Hk(Gn+1, Xr
n) ∼= H3n+3−k(X

s
n) (5.4)

where we use the natural isomorphism between Hk(Gn+1, Xr
n) and the compactly sup-

ported cohomology Hk
cpt(G

n+1 \Xr
n) which is valid because Xr

n has a deformation retract

neighbourhood in Gn+1. We will later use (5.4) in combination with the long exact

sequence (LES) of the pair i : Xr
n ↪→ Gn+1:

...→ H∗(Gn+1, Xr
n)→ H∗(Gn+1)→i∗ H∗(Xr

n)→ ... (5.5)

to relate H(Xs
n) and H(Xr

n).
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We now describe the image of i∗, which will enable us to compute H(Xs
n) from H(Xr

n).

Let ρ′ : Gn+1 → Gn be the projection map described in Proposition 5.1.3 and let

ρ : Xr
n → Gn denote the restriction of ρ′ to Xr

n. We have a commutative diagram:

Xr
n

ρ

��

i // Gn+1

ρ′

��
Gn Gn

(5.6)

By Remark 1, the map ρ : Xr
n → Gn is a cohomological principal bundle for the Z2 action

α described in Proposition 5.1.3.

Lemma 5.3.1. The image of the map i∗ : H(Gn+1) → H(Xr
n) appearing in (5.5) is the

Z2 invariant subring H(Xr
n)Z2 ∼= H(Gn).

Proof. The involution α(−1) : Gn+1 → Gn+1 is isotopic to the identity, and thus α

induces a trivial action on H(Gn+1). Consequently, the image of i∗ lies in H(Xr
n)Z2 . On

the other hand, because ρ′ : Gn+1 → Gn induces an inclusion in cohomology, im(i∗) ⊇

im(ρ′ ◦ i)∗ = im(ρ∗) = H(Xr
n)Z2 , where the last equality follows from Theorem 4.0.9,

completing the proof.

Now we begin to describe the other long exact sequence we will need for the induction

argument of Theorem 5.3.4 . For n ≥ 1 consider the real algebraic map,

φ : Xr
n → [−2, 2]

defined by φ(g0, ..., gn) = tr(g0).

Lemma 5.3.2. φ has two singular values, {2,-2}, over which φ has fibres isomorphic to

Xs
n−1.

Proof. The map φ = tr ◦ π0 where π0 : Xr
n → G is projection onto the zeroth factor.

Because the singular values of tr : G→ [−2, 2] are {±2}, and tr−1(±2) = ±1G, it will be

sufficient to show that sing(π0) is a subset of {±1G}, where we denote by sing(π0) the

singular value set of π0.
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Xr
n fits into the pullback diagram:

Xr
n

ρ //

π0

��

Gn

2n−1

��
G

h // G

where h : G→ G sends h(g) = (−1)ng−2. Regular values pullback to regular values, so

sing(π0) ⊆ h−1(sing(2n−1)) = h−1((−1)n1G) = ±1G

where we input Proposition 5.2.1 to get the middle inequality. The fibres of φ over

±1G are identified via the pull back diagram with 2−1
n−1((−1)n1G) = Xs

n, completing the

proof.

We will consider the LES in cohomology for the pair (Xr
n, φ

−1(2)).

...→ H∗(Xr
n, φ

−1(2))→ H∗(Xr
n)→ H∗(φ−1(2))→ ...

Certainly H∗(φ−1(2)) ∼= H∗(Xs
n−1). Furthermore, φ forms a rug function for φ−1(−2) in

the sense of Definition 12, so the inclusion φ−1(−2) ↪→ φ−1([−2, 2)) = Xr
n \ φ−1(2) is a

homotopy equivalence. By Poincaré duality,

Hd(Xr
n, φ

−1(2)) ∼= H3n−d(X
s
n−1) (5.7)

so we get an exact sequence for every degree d:

H3n−d(Xs
n−1)→ Hd(Xr

n)→ Hd(Xs
n−1) (5.8)

The following Lemma will form part of the induction step in the proof of Theorem

5.3.4:

Lemma 5.3.3. Suppose that dimH(Xs
n−1;F ) = 2n. Then the exact sequences (5.8)

extend to short exact sequences
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0→ H3n−d(Xs
n−1)→ Hd(Xr

n)→ Hd(Xs
n−1)→ 0

for all d.

Proof. If dimH(Xs
n−1;F ) = 2n, then the exact sequences (5.8) imply that dimH(Xr

n;F ) ≤

2n+1 with equality if and only if they extend to short exact sequences.

On the other hand, by the universal coefficient theorem, we have dimH(Xr
n;F ) ≥

dimH(Xr
n; C) and by Proposition A.2.3, we have a lower bound dimH(Xr

n; C) ≥ dimH((Xr
n)T ; C),

where (Xr
n)T is the T -fixed point set under the conjugation action of T on Xr

n. We showed

in Proposition 3.0.3 that (Xr
n)T is isomorphic to two disjoint copies of T n. In particular

dimH(Xr
n;F ) ≥ dimH((Xr

n)T ; C) = 2n+1 completing the proof.

We now have all the preliminary results necessary to compute the Betti numbers.

Poincaré polynomials are defined in Appendix B.

Theorem 5.3.4. The Poincaré polynomials for the representation varieties Xr
n and Xs

n

defined in ?? are

Pt(X
r
n) = (1 + t3)n + (t+ t2)n (5.9)

and

Pt(X
s
n) = (1 + t3)n + t2(t+ t2)n (5.10)

over coefficient fields of characteristic not equal to 2.

Proof. The proof will use induction on n. First of all, Xr
0
∼= S0 and Xs

0
∼= S2 so the

theorem holds in this case.

Assume now that the theorem holds when n = k − 1 where k ≥ 1, so in particular

Pt(X
s
k−1) ∼= (1 + t3)k−1 + t2(t + t2)k−1 and dimH(Xs

k−1) = P1(Xs
k−1) = 2n. By Lemma

5.3.3 we get

Pt(X
r
k) = Pt(X

s
k−1) + t3kPt−1(Xs

k−1) = (1 + t3)k + (t+ t2)k
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as desired. It remains to determine Pt(X
s
k). We deduce from the long exact sequence

(5.5) and Lemma 5.3.1 that:

Pt(G
k+1, Xr

k) = Pt(G
k+1) + tPt(X

r
k)− (1 + t)Pt(G

k) = t3(1 + t3)k + t(t+ t2)k

which by (5.4) is equivalent to

Pt(X
s
k) = tk+3Pt−1(Gk+1, Xr

k) = (1 + t3)k + t2(t+ t2)k

completing the induction.

Remark 2. By Corollary 5.1.4, H∗(Xr
n)Z2 ∼= H∗(Xs

n)Z2 ∼= H∗(Gn), and Pt(G
n) ∼= (1 +

t3)n. It follows that the first and second terms in (5.9) and (5.10) are the Poincaré

polynomial for the +1 and -1 eigenspaces of the Z2 action, respectively.

Corollary 5.3.5. For C ⊂ G a generic conjugacy class, Pt(HomC(π
∗
1, G)) = (1+ t2)[(1+

t3)n + (t+ t2)n].

Proof. Simply apply the Kunneth theorem to (5.3).

Corollary 5.3.6. For any c ∈ G the T -space Xn,G(c) is equivariantly formal over char-

acteristic zero coefficients. Likewise, for any conjugacy class C ⊂ G, the conjugation

action of T (and hence G) on HomC(π
∗
1, G) is equivariantly formal over characteristic

zero coefficients.

Proof. We will use Theorem A.2.3 as a criterion to prove formality. For any c ∈ G, we

know by Proposition 3.0.3 that XT
n,G(c) = Xn,T (c) is isomorphic to two copies of T n.

In particular, dimH(Xn,T (c)) = 2n+1. This coincides with dimH(Xn,G(c)) as calculated

in Theorem 5.3.4, and this proves equivariant formality. Similar reasoning applies to

HomC(π∗1, G).

For the next corollary, we consider the space of connections A on a principal SU(2)-

bundle P → Σ over a surface Σ (P is necessarily trivial). Let j : Aflat ↪→ A denote the

subspace of flat connections on P and let G denote the gauge group of P .
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Corollary 5.3.7. Let Σ be a connected sum of n+1 copies of RP 2. The map j∗ :

HG(A)→ HG(Aflat) is not surjective.

Proof. Mimicking the computation of HG(A) ∼= H(BG) for the orientable case from [1],

we find that BG is rationally homotopy equivalent to the product of Eilenberg-Maclane

spaces
∏

qK(Hq(Σ; Z); 4− q). In particular,

H(BG,R) ∼=
∧

R{x1, ..., xn} ⊗ R[y]

where the xi have degree 3 and y has degree 4, and the equivariant Poincaré polynomial

is

P Gt (A) =
(1 + t3)n

1− t4

On the other hand, HG(Aflat; R) ∼= HG(Hom1G
(π∗1, G); R) which by Corollary 5.3.6 and

Theorem 5.3.4 has Poincaré polynomial

P Gt =
(1 + t3)n + t(0 or 2)(t+ t2)n

1− t4

so for dimension reasons j∗ can not be surjective.

Corollary 5.3.7 demonstrates conclusively that the methods employed by Atiyah and

Bott [2] for the case of orientable surfaces will not work directly for nonorientable surfaces.

Remark 3. It is natural to suspect from the proof of Corollary 5.3.7 that j∗ is injective

and has image the Z2-invariants HG(X)+. This is in fact true and we sketch a proof

here.

Let Σ be a connected sum of n + 1 copies of RP 2 and let Σ′ = Σ −M be a surface

with boundary obtained by removing a Mobius strip which is the tubular neighbourhood of

a loop representing the 0th generator of the fundamental group of Σ. The induced map

Hom(π1(Σ), G)→ Hom(π1(Σ′, G)) ∼= Gn can be interpreted as the projection ρ described
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in Remark 1. On the other hand, the inclusion j : Σ′ ↪→ Σ induces an isomorphism

H(Σ′; R) ∼= H(Σ; R) so by the methods of Atiyah-Bott [1], j induces an isomorphism

H(BGΣ′) ∼= H(BGΣ). Finally, because Σ′ deformation retracts onto a wedge of cir-

cles, it is easy to argue that restriction to the flat connections induces an isomorphism

H(BGΣ′) ∼= HGΣ′
(A) ∼= HGΣ′

(AflatΣ′ ) ∼= HG(Gn). To summarize we get a commutative

diagram:

H(BGΣ) −−−→ HGΣ
(AflatΣ ) ∼= HG(Xn,G)xa xρ∗

H(BGΣ′)
b−−−→ HGΣ′

(AflatΣ′ ) ∼= HG(Gn)

where a and b are isomorphisms, so the image of H(BGΣ) coincides with the image of

HG(Gn), which is exactly HG(Xn,G)+ (as will be clear in Chapter 6).

We saw at the end of §5.2, that for Xr
0 , Xs

0 and Xr
1 the cohomology is torsion free so

in these cases the Poincaré polynomial in Theorem 5.3.4 remains valid for characteristic

2 coefficients. The next proposition shows that it does not for the remaining cases.

Proposition 5.3.8. The homology groups H2(Xr
n,Z) for n ≥ 2 and H2(Xs

n,Z) for n ≥ 1

contain 2-torsion.

Proof. Let ρ′ : Gn+1 → Gn denote the projection map of Proposition 5.1.3, and the

degree 2 map ρ : Xr
n → Gn its restriction under the inclusion i : Xr

n ↪→ Gn+1. This

induces a map in cohomology:

H3n(Gn+1,Z)
i∗−−−→ H3n(Xr

n,Z) ∼= Zxρ′∗ xρ∗=2

H3n(Gn,Z) −−−→ H3n(Gn,Z) ∼= Z

Thus those generators in the image of ρ′∗ map to 2H3n(Xr
n,Z) under i∗. Of course we can

replace ρ in this argument with projection onto any other set of factors, so for n ≥ 1 we

can show that im(i∗) ⊂ 2H3n(Xr
n,Z). Thus the LES of the pair i : Xr

n ↪→ Gn+1 gives rise
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to two torsion in H3n+1(Gn+1, Xr
n; Z), which by (5.4) is isomorphic to H2(Xs

n; Z). This

completes the proof for Xs
n and n ≥ 1.

For the remaining case, consider the LES in homology for the pair (Xr
n+1, X

s
n). In

particular, we have an exact sequence:

H1(Xr
n+1, X

s
n; Z)→ H2(Xs

n; Z)→ζ H2(Xr
n+1; Z) (5.11)

and by (5.7), H1(Xr
n+1, X

s
n; Z) ∼= H3n+2(Xs

n). The smooth locus of Xs
n has dimension 3n

while the singular locus is isomorphic to (S2)n+1 and has dimension 2(n + 1). Conse-

quently, for n ≥ 1, H3n+2(Xs
n) = 0 and so the map ζ of (5.11) is an inclusion, which gives

rise to 2-torsion in H2(Xr
n+1; Z) for n+ 1 ≥ 2.



Chapter 6

The localization map for T acting on

Hom(π1, SU(2))

In this Chapter we compute the image of the localization map in equivariant cohomology,

i∗ : HT (X)→ HT (XT )

where X = Xr
n and i : XT ↪→ X is the inclusion of the fixed point set. As in Chapter 5,

we set G = SU(2), and T ⊂ G the maximal torus of diagonal matrices with Lie algebras g

and t respectively. We will work with characteristic zero coefficients, typically R, though

we prove in Corollary 6.3.6 that the main results continue to hold for odd characteristic.

The action of Z2 on X defined in §5.1 commutes with the T action, and so i∗ decom-

poses into a direct sum i∗+ ⊕ i∗− :

i∗+ : HT (X)+ → HT (XT )+

and

i∗− : HT (X)− → HT (XT )−

where we use subscripts ± to denote the invariant and antiinvariant weight spaces. Recall

from Theorem 3.0.4 that XT has two components each of which can be identified with

34
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T n and that T2 = Z(G) = Z2 acts freely and transitively on the set of components,

respecting these identifications. Consequently, if we let I denote the Z2-torsor indexing

the components of XT , then as a graded Z2 module:

HT (XT ) ∼= RI ⊗HT (T n)

where Z2 acts nontrivially only on the RI factor. Because RI decomposes into the trivial

and nontrivial representations we obtain an isomorphism of Z2 ⊕ Z-graded rings:

HT (XT ) ∼= RZ2 ⊗HT (T n)

and in particular

HT (XT )+
∼= HT (XT )− ∼= HT (T n) (6.1)

as Z-graded vector spaces.

Our strategy will be to consider the invariant and antiinvariant parts of i∗ separately,

in each case using T -invariant cycles to determine the image of i∗. We will find that

not only does i∗ respect the Z2 ⊕ Z grading on HT (XT ), but also the Z2 ⊕ Z2 grading

described in Chapter 3.

Remark 4. Because conjugation by Z(G) is the identity, it may seem more natural to

consider instead the effective conjugation action by T/Z(G). However the only differences

in cohomology will be 2-torsion and since we prefer to work with real coefficients it won’t

make any difference. A couple of formulas will be affected by this choice and we will make

note of the differences where they occur.

6.1 Localization and invariant cycles

We begin by proving an equivariant version of the excess intersection formula (see Fulton

[13]) in the special case of the intersection of an invariant cycle with the fixed point set.
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This result is probably known to experts, but I have been unable to find a statement of

it in the smooth category.

Let M be a closed, smooth, oriented manifold and S a closed, oriented submanifold, so

that S represents a homology class in [S] ∈ H∗(M). The normal bundle νS,M = TM |S/TS

of S in M inherits an orientation and may be identified with a tubular neighbourhood of

S in M . The Thom class Th(νS,M) ∈ H∗(νS,M , νS,M\0) pushes forward to the Poincaré

dual of [S], τ(S), under

H∗(νS,M , νS,M\0) ∼= H∗(M,M\S)→ H∗(M)

where 0 denotes the 0-section, the isomorphism is by excision and the map is coming

from the LES of the pair (M,M\S).

This construction works equivariantly as follows. Suppose K is a compact torus

acting smoothly on M , and suppose S is invariant for this action. Then νS,M becomes

an equivariant vector bundle and we can define the equivariant Thom class ThK(νS,M) ∈

HK(M,M\S). Its image in HK(M) we will denote τK(S). It is easily verified that

φ(τK(S)) = τ(S)

where φ : HK(M)→ H(M) is induced from the standard fibre bundle (A.2).

Let i : MK ↪→M be the inclusion of the K-fixed point set. MK is closed submanifold

of M and inherits an orientation from M , though the dimension may vary between

connected components. We will derive a formula for i∗(τK(S)) in Theorem 6.1.2.

This formula will be particularly useful when M is equivariantly formal for the K

action. In that case, φ : HK(M) → H(M) is surjective and any section s : H(M) →

HK(M) will send an R basis of H(M) to a H(BK) basis of HK(M). Thus if {Si} is

a set of K-invariant, oriented submanifolds of M representing a homology basis, then

{τK(Si)} forms a H(BK) basis of HK(M) and {i∗(τK(Si))} generates the image of the

localization map.
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The intersection MK ∩ S = SK so we know that each component of MK ∩ S is a

closed, oriented manifold. The inclusions TSK ↪→ TS|SK and TMK ↪→ TM |MK induce

a bundle map νSK ,MK → νS,M |SK . Indeed this is an inclusion by the following lemma:

Lemma 6.1.1. We have a natural isomorphism of vector bundles TSK = TMK |SK ∩

TS|SK . Consequently, the bundle map νSK ,MK → νS,M |SK induced by the inclusion

TS|SK → TM |MK is injective.

Proof. The action of K lifts naturally to the tangent bundle and T (MK) = (TM)K .

Because TS ⊂ TM , we know that TSK = (TS)K = TS ∩ (TM)K = TMK |SK ∩ TS|SK .

It is clear from this description that the image of νSK ,MK is the trivial eigenbundle of

νS,M |SK . Consequently we have a short exact sequence of K-vector bundles over SK :

0→ νSK ,MK → νS,M |SK → Q→ 0

where Q is quotient of νS,M |SK by its trivial eigenbundle. Consider now the K-equivariant

commutative diagram of spaces:

νS,M // M

νS,M |SK
∼= νSK ,MK ⊕Q

OO

νSK ,MK

OO

// MK

i

OO

where the horizontal arrows are inclusions as tubular neighbourhoods. Taking equivariant

cohomology gives rise to:

HK(νS,M , νS,M \ 0) //

��

HK(M)

i∗

��

HK(νSK ,MK , νSK ,MK \ 0)⊗HK(Q,Q \ 0)

��
HK(νSK ,MK , νSK ,MK \ 0) // HK(MK)

(6.2)
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where the horizontal maps are pushforwards. Following Th(νS,M) both ways around the

rectangle gives the following formula for i∗(τK(S,M)):

Theorem 6.1.2. Let M be a smooth closed, oriented K-manifold for K a compact torus,

and let S ⊂M be a closed, oriented, K-invariant submanifold. Let i : MK →M denotes

the inclusion of the fixed point set. Decompose SK = MK ∩ S into a union
⋂
j S

K
j of

connected components SKj . Then

i∗(τK(S,M)) =
∑
j

EulK(Qj) ∪ τ(SKj ,M
K) (6.3)

where Qj is the quotient of νS,M |SK
j

by its trivial-eigenbundle.

We’ve been deliberately sloppy in equation (6.3). By EulK(Qj) ∪ τ(SKj ,M
K) we

really mean the pushforward of π∗EulK(Qj) ∪ ThomK(νSK
j ,MK ) into H(MK) via the

tubular neighbourhood inclusion, where π : νSK
j ,MK → SKj is the bundle projection.

Also, Qj ⊕ νSK
j

inherits an orientation from S, but Qj and νSK
j ,MK do not, so EulK(Qj)

and τ(SKj ,M
K) are only defined up to sign while their cup product does have a definite

sign.

proof of Theorem 6.1.2. The proof is to simply apply functoriality of characteristic classes

to the commutative diagram 6.2.

The image i∗(τK(S,M)) is a sum of contributions from each component SKj . By

functoriality, over the jth component, ThomK(νS,M) pulls back to ThomK(νS,M |SK ) =

ThomK(νSK
j ,MK )∪ThomK(Qj) on νS,M |SK . Restricting to νSK

j ,MK gives the cup product

of ThomK(νSK
j ,MK ) with the equivariant Euler class of νSK

j ,MK ⊕ Qj as a bundle over

νSK
j ,MK . This is just the pullback of Qj by the bundle projection π : νSK

j ,MK → SK ,

which by functoriality gives us ThomK(νSK
j ,MK ) ∪ π∗(Eul(Qj) on νSK

j ,MK . Of course,

ThomK(νSK
j ,MK ) is canonically identified with the ordinary Thom class, because K is

acting trivially. Pushing forward to MK completes the proof.
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6.2 Invariant part

We remind the reader that in this chapter, we will abbreviate X = Xr
n whereXr

n is the

SU(2) representation variety defined in Chapter 5. As pointed out in (5.3.1), the projec-

tion map ρ defines an isomorphism between H(X)+ = H(X)Z2 and H(Gn). Because ρ

is T -equivariant we deduce that:

ρ∗ : HT (Gn) ∼= HT (X)+

By (3.5), the restriction of ρ to XT determines a trivial double cover ρT : XT → T n.

Thus

ρ∗T : HT (T n) ∼= HT (XT )+

This fits into the commutative diagram:

HT (X)+
i∗ // HT (XT )+

HT (Gn)
j∗ //

ρ∗

OO

HT (T n)

ρ∗T

OO
(6.4)

where j : T n ↪→ Gn is the inclusion map and the vertical maps are isomorphisms. So we

only need understand the image of the localization map j∗. This is of course known, but

it is instructive to compute the image using the excess intersection formula of Theorem

6.1.2.

Let xi denote a generator of H1(T ), for the ith factor of T n. Then

H(T n) =
∧

R{x1, ..., xn}.

We will use multiindex notation xJ = xi1 ∧ ... ∧ xi|J| , where J = {i1 < ... < i|J |}.

Because T acts trivially on T n, there is a canonical isomorphism HT (T n) ∼= H(T n)⊗

H(BT ) and H(BT ) is the polynomial ring in a single generator c1 in degree 2 (see

Appendix A) so,
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HT (T n) ∼=
∧

R{x1, ..., xn} ⊗ R[c1] (6.5)

For J ⊂ {1, ..., n} define,

σJ := {(g1, ..., gn) ∈ Gn|gi = 1 if i ∈ J}.

Clearly σJ ∼= Gn−|J | ∼= (S3)n−|J | as manifolds. Orientation classes for the σJ form a basis

for the homology of Gn. The intersection of σJ and T n is YJ where:

YJ := {(t1, ..., tn) ∈ T n|ti = 1 if i ∈ J}

The Poincaré dual of YJ in T n is,

τYJ ,Tn = ±xJ .

where the sign is determined by choice of orientation. To determine Q, we first use right

invariant vector fields to trivialize the tangent bundle of Gn:

TGn ∼= Gn × gn

where g := Lie(G). Letting t := Lie(T ), we decompose g = t+ t⊥ using the Killing form.

We have an T -equivariant identification:

TGn|Tn ∼= T n × tn ⊕ (t⊥)n

where T acts diagonally by the trivial action on T and t and on t⊥ ∼= R2 by rotation with

period π. We may identify t⊥ with C in such a way that T acts with weight ±2.

In terms of this identification,

νσJ ,Gn|YJ
∼= YJ × t|J | ⊕ (t⊥)|J |
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In particular, the complement of the trivial eigenbundle is topologically trivial and is

isomorphic as a equivariant real bundle with YJ × C|J | with weight ±2 action on the

fibres. Thus EulK(Q) = ±(2c1)|J | and using Theorem 6.1.2 we get:

j∗([τT (σJ)]) = ±(2c1)|J | ∪ xJ

and we deduce the following proposition.

Proposition 6.2.1. Let j : T n ↪→ SU(2)n denote the inclusion map, and let HT (T n) =∧
R{x1, ..., xn}⊗R[c1] as above. Then the image of j∗ : HT (Gn)→ HT (T n) is generated

as a R[c1] module by {2|J |xJ ⊗ c|J |1 | J ⊂ {1, ..., n}}.

Remark 5. Though we’ve been working over real coefficients, the conclusion of Proposi-

tion 6.2.1 in fact holds for integer coefficients.

Remark 6. If we had worked instead with the effective action by T/Z(G), then would

have gotten generators xJ ⊗ c|J |1 in Proposition 6.2.1. Thus the image is the same ratio-

nally, but not integrally.

Corollary 6.2.2. The image of i∗+
∼= j∗ in HT (XT )+

∼= H(T n) ⊗ H(BT ) is equal to⊕
k≤lH

k(T n)⊗H2l(BT ).

We illustrate this result in the case n=4 with following helpful diagram. Using the

obvious double grading of
∧

R{x1, ..., xn} ⊗ R[c1], we may arrange the Betti numbers in

a grid, with the exterior algebra grading on the vertical axis and the symmetric algebra

grading on the horizontal axis. The Betti numbers of
∧

R{x1, ..., x4} ⊗ R[c1] are:
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4 1 1 1 ...

3 4 4 4 ...

2 6 6 6 ...

1 4 4 4 ...

0 1 1 1 ...

0 2 4 ...

while the image of i∗+ has dimensions:

4 1 ...

3 4 4 ...

2 6 6 6 ...

1 4 4 4 4 ...

0 1 1 1 1 1 ...

0 2 4 6 8 ...

Remark 7. Proposition 6.2.1 may be used to compute the Betti number of the quotient

of Gn by the diagonal conjugation action. This will be carried out in §7.2.

6.3 Antiinvariant part

To compute the image of i∗−, we again choose a collection of submanifolds representing

a homology basis and use the excess intersection formula to compute the restriction of

their equivariant Thom classes to the fixed point set. This time though, we need to work

with X = Xr
n and XT .

For each J ⊂ {1, ..., n} we define the T -invariant submanifold:

ηJ := {(g0, ..., gn) ∈ X|(gj)2 = −1 if j ∈ J, gj ∈ T otherwise}

It is easily confirmed that ηJ has two components, each isomorphic to (S2)|J | ×

(S1)n−|J |. Indeed each of the components maps down via ρ : X → Gn isomorphically
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onto products of the maximal torus T and the conjugacy class
√
−1G. The components

are interchanged by the Z2 action and we orient ηJ so that this involution is orientation

reversing. Thus

τT (ηJ , X) ∈ HT (X)−

Notice that η∅ = XT as sets, but XT is oriented so that the involution is orientation

preserving on XT . Recall by (6.5) and (6.1) that,

HT (XT )− ∼=
∧

R{x1, ..., xn} ⊗ R[c1] (6.6)

as graded HT -modules. The intersection, ηTJ = ηJ ∩XT is:

ηTJ = {(t0, ..., tn) ∈ T n+1|(
n∏
i=0

ti)
2 = (−1)nI and ti = ±ε if i ∈ J}

where ±ε = T ∩
√
−1G. Thus ηTJ has 2(|J |+1) components, each isomorphic to (S1)n−|J |.

The components come in pairs indexed by the set Maps(J,±ε), and the components in

each pair are interchanged by the Z2 action.

Lemma 6.3.1. For f ∈Maps(J,±ε), let

ηTJ (f) := {(t0, ..., tn)|(
n∏
i=0

ti)
2 = (−1)nI and ti = f(i) if i ∈ J}.

Orienting the two components of ηTJ (f) so that the Z2 action is orientation reversing,

determines a homology class Poincaré dual to ±xJ ∈ H(X)− = H(X)−⊗ 1 ⊂ HT (X)− .

It remains to describe ν(ηJ , X)|ηT
J

. It will be useful to work in the ambient space

Gn+1. First note that because X is the preimage of a regular value of the squaring map

2n : Gn+1 → G, we know νX,Gn+1
∼= X × g, which gives rise to a short exact sequence of

T -equivariant bundles:

0→ νηJ ,X → νηJ ,Gn+1 → ηJ × g→ 0 (6.7)
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Now define,

BJ := {(g0, ..., gn) ∈ Gn+1|(gj)2 = −1 if j ∈ J, gj ∈ T otherwise}

so that ηJ = BJ ∩ X. Of course, BJ is just a product of copies of S1 ∼= T ⊂ G and

S2 ∼=
√
−1G ⊂ G, so to describe νBJ ,Gn+1 we need only describe νT,G and ν√−1G,G. Using

right invariant vector fields to trivialize TG ∼= G× g, we get νT,G ∼= T × t⊥ as a T -space,

where T acts trivially on T and via the adjoint action on t⊥.

To describe ν√−1G,G, first identify
√
−1G with the G-homogeneous space G/T . We

will need the following well known fact:

Lemma 6.3.2. Let E → G/H be a G-vector bundle over the coset space G/H and denote

by EH the fibre over H. Then as a G-bundle, E is isomorphic to the associated bundle

G×H EH , where H acts on the fibre EH by the restricted action.

Proof. We define a map ψ : G × EH → E by ψ((g, v)) = g · v. The map is clearly

equivariant and surjective. ψ(g, v) = ψ(gh−1, h·v), so ψ descends to a map ψ : G×HEH →

E which is equivariant and surjective and hence for dimension reasons an isomorphism.

Thus because T acts trivially on the ε fibre of (ν√−1G,G) ∼= t, it follows that ν√−1G,G

is isomorphic to G/T × t as a G-space, where G and hence T acts trivially on t. Taking

products, we obtain a T -equivariant isomorphism:

νBJ ,Gn+1 = BJ × t|J | ⊕ (t⊥)n+1−|J | (6.8)

The submanifold ηJ may be realized as the preimage of a regular value of the map

2′n : BJ → T , where 2′n is obtained from 2n by restricting domain and range, so

νηJ ,BJ
∼= ηJ × t. Combining with (6.8) we obtain a second formula for νηJ ,Gn+1 :

νηJ ,Gn+1
∼= νηJ ,BJ

⊕ νBJ ,Gn+1|ηJ
∼= ηJ × t|J |+1 ⊕ (t⊥)n+1−|J |



Chapter 6. The localization map for T acting on Hom(π1, SU(2)) 45

Restricting the short exact sequence (6.7) to ηTJ and quotienting by trivial eigenbun-

dles, we obtain a short exact sequence of T -equivariant bundles:

0→ QJ → ηTJ × t⊥
n+1−|J | → ηTJ × t⊥ → 0 (6.9)

where QJ equals the quotient of νηJ ,X |ηT
J

by its trivial eigenbundle. The torus T acts on

t⊥ ∼= R2 by rotation with period π, so EulT (ηTJ × t⊥) = ±2c1 and by the short exact

sequence (6.9)

2EulT (QJ) ∪ c1 = ±(2c1)n+1−|J |.

Because c1 is not a zero divisor in the free C[c1] module HT (ηTJ ), we can cancel to deduce

EulT (QJ) = ±(2c1)n−|J | (6.10)

Lemma 6.3.3. With notation defined as above,

i∗(τT (ηJ)) = ±2n(c1)n−|J |xJ

Proof. Combining Theorem 6.1.2 with (6.10) and Lemma 6.3.1 tells us that

i∗(τT (ηJ)) =
∑

f∈Maps(J,±ε)

±(2c1)n−|J | ∪ xJ

It only remains to prove that the sign ± is independent of f .

Let J = {i1, ..., i|J |} and consider the action β of Z|J |2 on X where the kth factor acts

on a tuple (g0, ..., gn) by multiplying both the 0th and the ikth entry by −1. Then β

commutes with T , is orientation preserving on X and restricts to orientation preserving

actions on ηJ and XT , hence β respects i∗ and fixes τT (ηJ). Indeed the restriction of β

to XT is isotopic to the trivial action, and β acts transitively on the components ηTJ (f)

of ηTJ (f) described in Lemma 6.3.1. It follows that the components contribute with the

same sign.
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Proposition 6.3.4. The image of the map i∗− : HT (X)− → HT (XT )− ∼=
∧

R{x1, ..., xn}⊗

R[c1] is generated as an R[c1] module by {2n(c1)n−|J |xJ |J ⊂ {1, ..., n}}

Remark 8. If we replace the T action by the effective T/Z(G) action, the generators

become 2|J |(c1)n−|J |xJ , which determines the same image rationally.

Proposition 6.3.5. The image im(i∗)− : HT (X)− → HT (XT )− ∼= H(T n) ⊗ H(BT ) is

equal to
⊕

k+l≥nH
k(T n)⊗H2l(BT ).

Corollary 6.3.6. The T action on X is equivariantly formal over coefficient fields F of

odd characteristic. Furthermore, the localization map i∗ remains injective, and its image

is as described in Corollary 6.2.2 and Corollary 6.3.5.

Proof. Because our constructions used embedded submanifolds to represent cycles, the

classes σJ and ηJ actually determine elements in integral equivariant cohomology, hence

also over any coefficient field, and because HT (T n,Z) and HT (XT ,Z) are torsion free, our

calculations of j∗(τ(σJ)) and i∗(τ(ηJ)) make sense in odd characteristic, though not in

even because we need to decompose into weight spaces for the Z2 action. The coefficients

appearing in (6.3.4) and (6.2.1) are powers of 2, so j∗(τ(σJ)) and i∗(τ(ηJ)) do not vanish.

The argument involving the commutative diagram (6.4) to identify i∗+ and j∗ still works

in odd characteristic. The image of i∗ must contain the H(BT, F ) module generater by

j∗(τ(σJ)) and i∗(τ(ηJ)), but comparing Betti numbers with H(X,F )⊗H(BT ;F ) shows

that this is in fact the entire image and that the action is equivariantly formal over F .

The following diagrams are helpful in understanding Proposition 6.3.5. Using the

double grading of
∧

R{x1, ..., xn} ⊗ R[c1], then the Betti numbers when n = 4 are :
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4 1 1 1 ...

3 4 4 4 ...

2 6 6 6 ...

1 4 4 4 ...

0 1 1 1 ...

0 2 4 ...

While the Betti numbers of the image of i∗− has dimensions:

4 1 1 1 1 1 ...

3 4 4 4 4 ...

2 6 6 6 ...

1 4 4 ...

0 1 ...

0 2 4 6 8 ...

Using (A.4) we can now describe the cup product structure on H(Xr
n). From §6.2

we know that H(Xr
n)+
∼= H(Gn) as a subring. The cup product restricts to zero on

H̃(Xr
n)+ ⊗H(Xr

n)−, and the cup product on H(Xr
n)− ⊗H(Xr

n)− take values in H3n(Xr
n)

as the Poincaré duality pairing.

6.4 Localization for other c

In this section, we determine the image of the localization map for the remaining Xn,G(c).

Much of the discussion for X = Xr
n carries over to the general case. In Corollary

5.1.4, it was shown that (Xn,G(c) → Gn,Z2) is a strong cohomological principal bundle

and in Chapter 3 that Xn,G(c)T = Xn,T (c)T ∼= T n
∐
T n. We may again decompose the

localization map i∗ into i∗+ ⊕ i∗−, and the argument of §6.2, applies directly to give:
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Proposition 6.4.1. The image of i∗+ : HT (Xn,G(c))+ → HT (Xn,G(c)T )+
∼= H(T n) ⊗

H(BT ) is equal to
⊕

k≤lH
k(T n)⊗H2l(BT ).

Now we must determine the image of i∗−. The generic case is easy. Let Ur denote

the open set Gn+1 \Xs
n. Recall from §5.2 that the restriction 2n|Ur is a trivial Xr

n-fibre

bundle over the contractible set G\ (1G)n+1. As a consequence, for any c ∈ G\ (−1G)n+1,

the inclusion Xn,G(c) ↪→ Ur is a homotopy equivalence and thus induces an isomorphism

in equivariant cohomology. The restriction of 2n to the fixed point set T n+1 ⊂ Gn+1 is

a fibre bundle with fibre T n ∪ T n. The restriction to Ur ∩ T n+1 → T \ (−1G)n+1 is a

trivial bundle because the base is contractible. Thus the inclusion (Xr
n)T ↪→ UT

r is also a

homotopy equivalence.

So for any c ∈ T \ (−1G)n+1 we get a commutative diagram:

HT (Xr
n) ←−−− HT (Ur) −−−→ HT (Xn,G(c))y y y

HT (XrT
n ) ←−−− HT (UT

r ) −−−→ HT (XT
n,G)

(6.11)

where the horizontal maps are isomorphisms, and the vertical maps are localization maps.

Proposition 6.4.2. For c ∈ T a generic element, the image of i∗− : HT (Xn,G(c))− →

HT (Xn,G(c)T )− ∼= H(T n)⊗H(BT ) is
⊕

k+l≥nH
k(T n)⊕H2l(BT ).

Proof. Simply compose the isomorphisms determined by (6.11). The result follows from

Corollary 6.3.5.

It remains to deal with the case Xs
n. The remainder of this section is devoted to

proving the following:

Proposition 6.4.3. The image of the antiinvariant part of the localization map i∗− :

HT (Xs
n)− → HT (XsT

n )− ∼= H(T n)⊗H(BT ) is
⊕

k+l≥n+1H
k(T n)⊕H2l(BT )

Let π : Xr
n+1 → [−2, 2], π(g0, ..., gn+1) = gn+1 be projection onto the (n+ 1)st factor.

The fibre of π−1(c) = {(g0, ...., gn, c) ∈ Gn+2|2n(g0, ..., gn)c2 = (−1)n+1} is identified with



Chapter 6. The localization map for T acting on Hom(π1, SU(2)) 49

Xn,G((−1)n+1c−2) in an obvious way. In particular, the two fibres 2n(1G) and 2n(−1G)

are isomorphic to Xs
n and the remaining fibres look like Xr

n. The Lie group G ∼= S3

is covered by two closed hemispheres H±, where ±1G ∈ H± and H+ ∩ H− =
√
−1G.

Define C± := π−1(H±). We use a closed rather than open cover for technical reasons (see

Lemma 6.4.4), but there is no trouble defining the Mayer-Vietoris sequence. Then

Xr
n × S2 ∼= π−1(

√
−1G) = C+ ∩ C− (6.12)

and it is easily shown using rug functions (Appendix D) that the inclusions

Xs
n
∼= π−1(±1G) ↪→ C± (6.13)

are homotopy equivalences. The idea for the proof of Proposition 6.4.3 will be to use the

inclusion of Xr
n ↪→ Xr

n × S2 ∼= C+ ∩ C− ↪→ C+ ∼ Xs
n to get a commutative diagram:

HT (Xs
n)

∼←−−− HT (C+) −−−→ HT (Xr
n)y y y

HT (XsT
n )

∼←−−− HT (CT
+)

∼−−−→ HT (XrT
n )

(6.14)

The bottom row determines an isomorphism between HT (XsT
n ) and HT (XrT

n ), so diagram

(6.14) effectively allows us to factor the localization map for Xs
n through the localization

map for Xr
n. That leaves us with the problem of describing the map HT (Xs

n)→ HT (Xr
n).

More specifically we need to describe the antiinvariant part qT : HT (Xs
n)− → HT (Xr

n)−.

We will employ the commutative diagram:

HT (Xs
n)−

qT−−−→ HT (Xr
n)−y p

y
H(Xs

n)−
q−−−→ H(Xr

n)−

where the vertical maps are the canonical ones defined in Appendix A. We will show

that q is zero. This implies that im(qT ) ⊂ ker(p) = c1 ∪HT (Xr
n)−, and so for dimension

reasons im(qT ) = c1 ∪HT (Xr
n)−, proving Proposition 6.4.3.
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The action α of Z2 on Xr
n+1 by multiplying the 0th factor by ±1 preserves the fibres of

π, so it acts on the Mayer-Vietoris sequence for the the cover, {C±}. Using the homotopy

equivalences (6.13) and (6.12) to substitute in, we get a long exact sequence:

...→ H(Xr
n+1)− → H(Xs

n)− ⊕H(Xs
n)− →j H(Xr

n)− ⊗H(S2)→ ... (6.15)

where we’ve taken only the antiivariant part. We define a second Z2 action β which

acts by multiplying the (n+ 1)st factor by ±1. This action transposes C+ and C−, so it

further decomposes the vector spaces V− occuring in the long exact sequence (6.15) into

weight spaces V− = V(−,+) ⊕ V(−,−), which we list in a table:

V− V(−,+) ⊕ V(−,−)

H(Xr
n+1)− 0⊕H(Xr

n+1)−

H(Xs
n)− ⊕H(Xs

n)− H(Xs
n)− ⊕H(Xs

n)−

H(Xr
n)− ⊗H(S2) H(Xr

n)− ⊕H(Xr
n)− ⊗H2(S2)

One might expect the Mayer-Vietoris sequence to decompose into weight spaces as well,

but by Lemma 6.4.4 because β interchanges C+ and C− some of the maps in (6.15) will

actually map between weight spaces of different weights, so (6.15) will decompose but

not in the most obvious way. We in fact get:

...→ H(Xr
n+1)− → H(Xs

n)− → H(Xr
n)− → H(Xr

n+1)− → ... (6.16)

and

0→ H(Xs
n)− → H(Xr

n)− ⊗H2(S2)→ 0

Using Lemma 5.3.3 , and exactness, we find that the map H(Xs
n)− → H(Xr

n)− of (6.16)

is zero, completing the proof of Proposition 6.4.3 .
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Lemma 6.4.4. Let
Cab −−−→

ja
Cayjb yia

Cb −−−→
ib

X

(6.17)

be a pushout diagram of topological spaces, describing a closed cover X = Ca∪Cb and Ca∩

Cb = Cab. Suppose that Cab is an NDR as a subset of Ca, Cb and X. The Mayer-Vietoris

sequence depends upon a choice of ordering for a and b. Ordering a < b determines:

...→ H(X)→i H(Ca)⊕H(Cb)→j H(Cab)→δ H(X)→ ... (6.18)

where i = i∗a+i
∗
b and j = j∗a−j∗b , and δ is the composition of maps H(Cab)→ H(Ca, Cab) ∼=

H(X,Cb) → H(X), where the isomorphism is by excision and the other maps are from

the LES of a pair. Ordering b < a gives rise to a Mayer-Vietoris sequence:

...→ H(X)→i′ H(Ca)⊕H(Cb)→j′ H(Cab)→δ′ H(X)→ ...

where i = i′, j = −j′ and δ = −δ′.

Proof. We compute easily that i = ia + ib = ib + ia = i′ and j = ja − jb = −jb +

ja = −j′. For the final equality, consider the map φ : H(Cab) → H(X) which is the

composition of two maps in the LES of the pair: H(Cab)→ H(X,Cab)→ H(X). Clearly

φ = 0 by exactness. On the other hand, by the NDR condition we have isomorphisms

H(X,Cab) ∼= H̃(X/Cab) ∼= H̃(Ca/Cab) ⊕ H̃(Cb/Cab) ∼= H(Ca, Cab) ⊕ H(Cb, Cab) and we

find that φ = δ + δ′ = 0.
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The quotient Hom(π1, SU(2))/SU(2)

7.1 Cohomology of G-spaces whose isotropy groups

contain maximal tori

Let G be a connected compact group, T a fixed maximal torus in G and Y a space on

which G acts. If every point x ∈ Y is fixed under this action by some maximal torus of

G, then because all maximal tori in G are conjugate, every G orbit must intersect the T

fixed point set Y T . It follows that the map

φ : G× Y T → Y, φ((g, x)) = g · x

is surjective. G acts on G×Y T by g · (h, x) = (gh, x), and φ is equivariant for this action.

The normalizer of T in G, denoted N(T ) = NG(T ), acts freely on G× Y T from the right

by

(g, x) · n = (gn, n−1 · x)

leaving φ invariant and commuting with the G action. We will show in Theorem 7.1.3 that

under very mild conditions the pair (φ : G × Y T → Y,N(T )) is a strong cohomological

52
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principal bundle. We begin with a couple of lemmas.

Lemma 7.1.1. Let G act on Y from the left and let x ∈ Y T . Then g · x ∈ Y T if and

only if g ∈ N(T )G0
x, where G0

x is the identity component of the stabilizer Gx.

Proof. If g · x ∈ Y T , then g−1tg · x = x for all t ∈ T , so

g−1Tg ⊂ Gx.

Since T is maximal in G, it is also maximal in Gx, so for some h ∈ G0
x, h

−1g−1Tgh = T ,

and thus g ∈ N(T )G0
x. The other direction is clear.

Let WG := NG(T )/T denote the Weyl group of G.

Lemma 7.1.2. Let (φ : G × Y T → Y,N(T )) be defined as above. For every x ∈ Y ,

H(φ−1(x)/N(T );F ) ∼= H(pt;F ), for F satisfying gcd(char(F ),#WG) = 1.

Proof. We may assume by equivariance that x ∈ Y T . Then

φ−1(x) = {(g, y) ∈ G× Y T |g · y = x} = {(g, g−1x) ∈ G× Y |g−1x ∈ Y T} ∼= G0
xN(T )

where this last isomorphism follows from Lemma 7.1.1. It follows that:

φ−1(x)/N(T ) ∼= G0
xN(T )/N(T ) ∼= G0

x/NG0
x
(T )

Now since #WG0
x

divides #WG, we deduce from Proposition A.2.4 that

H(G0
x/NG0

x
(T );F ) ∼= H(pt;F )

completing the proof.

Theorem 7.1.3. Let G be a compact, connected Lie group with maximal torus T , acting

on a paracompact Hausdorff space Y . Suppose that for every point x ∈ Y , Gx contains a
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maximal torus of G. Then (φ : G × Y T → Y,N(T )) is a strong cohomological principal

bundle for H(.;F), where gcd(char(F ),#WG) = 1. In particular:

H(Y ;F ) ∼= H(G/T × Y T ;F )WG

Proof. First note that since Y T is a closed subset of Y it inherits a paracompact Hausdorff

topology. The only conditions in Definition 3 that are not immediate are (iii), which

follows from Lemma 7.1.2, and closedness of the map φ. But φ is a restriction of the

action map G× Y → Y which is easily shown to be closed, so φ is also closed.

The final assertion follows from Corollary 4.0.11.

For the rest of this section, unless otherwise stated, we will work with fields of char-

acteristic relatively prime to the order of W . It is helpful to consider two extreme cases

of this theorem.

Example 3. Suppose that G acts trivially on Y . Then Y = Y T and G ×N(T ) Y
T =

G/N(T )×Y . By Proposition A.2.4, we know that G/N(T ) has trivial cohomology, so by

the Kunneth theorem H(Y ;F ) ∼= H(G/N(T )× Y ;F ) ∼= H(G/T × Y T ;F )WG.

Example 4. Suppose that G acts so that Gx is a maximal torus for every x ∈ Y . By

Lemma 7.1.1 we deduce that each orbit must intersect Y T precisely #WG times. It follows

easily that G/T × Y T → Y is a covering space map with deck transformation group WG,

and thus H(G/T × Y T ;F )WG ∼= H(Y ;F ).

Corollary 7.1.4. Let G act on Y satisfying the hypotheses of Theorem 7.1.3. Then

dimH(Y ) = dimH(Y T ).

Proof. We will prove the equivalent statement that dimH(Y, k) = dimH(Y T , k), where k

is the algebraic closure of F . It is an easy consequence of Maschke’s Theorem and Schur’s

Lemma for finite group representations, that if V is a finite dimensional representation
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of a finite group Γ over an algebraically closed field of characteristic relatively prime to

the order of Γ, then dim(kΓ ⊗ V )Γ = dimV , where kΓ is the group ring, regarded as

a Γ-module. Because H(G/T ; k) ∼= kW as a left W module (see Chriss-Ginzburg [8]

chapter 6) it follows that:

dimH(Y ; k) = dim(H(G/T ; k)⊗H(Y T ; k))W = dimH(Y T ; k).

Actually, Chriss-Ginzburg only show H(G/T ; C) ∼= CW , but since G/T has a CW -

structure of even dimensional Schubert cells, it is torsion free, and the result holds for k

as well by the universal coefficient theorem.

When Y is a compact Hausdorff space, Corollary 7.1.4 combined with Proposition

A.2.3 implies that the action is T -equivariantly formal, over characteristic zero coeffi-

cients.

Now if we have a G-equivariant map f : A → B between G-spaces A and B, we

obtain a map between homotopy quotients fG : AG → BG. If f induces an isomorphism

H(B;F ) ∼= H(A;F ), we see by considering the Serre spectral sequences of the standard

bundle (A.2) that ρ∗G : HG(B;F ) ∼= HG(A;F ).

Theorem 7.1.5. Let G act on Y satisfying the hypotheses of Theorem 7.1.3. Then

HG(Y ;F ) ∼= HT (Y T ;F )W = (H(Y T ;F ) ⊗ H(BT ;F ))W over fields F of characteristic

relatively prime to #W .

Proof. The G-equivariant map φ : G/T ×W Y T → Y induces an isomorphism in coho-

mology, so:

HG(Y ) ∼= HG(G/T ×W Y T ) ∼= HG(G/T × Y T )W

It follows from a well known formula in equivariant cohomology (A.6) that HG(G/T ×

Y T ) ∼= HT (Y T ), so we deduce that
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HG(Y ) ∼= HT (Y T )W .

Remark 9. This theorem can also be proven by showing directly that (EG × Y T →

YG, N(T )) is a cohomological principal bundle.

Remark 10. By the familiar identity HG(Y ; C) ∼= HT (Y ; C)W , Theorem 7.1.5 says that

the localization map i∗ : HT (Y ; C)→ HT (Y T ,C) restricts to an isomorphism between the

Weyl invariant subrings.

Just to clarify Theorem 7.1.5, we work out carefully how W acts on HT (Y T ). If E

is the total space of a universal G-bundle, then (G/T × Y T )G = E ×G (G/T × Y T ). If

n ∈ N(T ) represents an element of W , and (e, g, x) represents an element of (G/T×Y T )G,

then [(e, g, x)] · [n] = [(e, gn, n−1 · x)]. Thus in terms of the identification with E ×T Y T

the action looks like [(e, x)] · [n] = [(e · n, n−1 · x)]. If we turn the right representation of

W on H(Y T ) into a left representation in the usual way, the action of W on HT (Y T ) is

just the tensor product of the representations on H(Y T ) and H(BT ).

Corollary 7.1.6. Let X be a G-space, and let Y ⊂ X be the set of points whose isotropy

group contains a maximal torus in G. Then we have an isomorphims of long exact

sequences:

... −−−→ HT (X,XT )W −−−→ HT (X)W −−−→ HT (XT )W −−−→ ...x x x x x

... −−−→ HG(X, Y ) −−−→ HG(X) −−−→ HG(Y ) −−−→ ...

where the bottom row in the LES of the pair (X, Y ), and the top row is the Weyl invariant

part of the LES of the pair (X,XT ).

Proof. The morphism is induced by the map between pairs of homotopy quotients:

(E ×T X,E ×T XT )→ (E ×G X,E ×G Y )
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so commutativity is clear. This morphism of long exact sequences induces an isomorphism

between HG(X) and HT (X)W by (A.7), and between HG(Y ) and HT (XT )W by Theorem

7.1.5, so the five lemma completes the proof.

Remark 11. For Y a G space satisfying the hypotheses of Theorem 7.1.3, G acts on

G ×N(T ) Y
T = G/T ×W Y T by left multiplication on the G factor, making h : G/T ×

Y T → Y into a G-equivariant map. h descends to an isomorphism between G\(G/T ×W

Y ) = Y T/W and Y/G. In particular, this gives rise to an isomorphism H(Y/G) ∼=

H(Y T/W ) ∼= H(Y T )W , where the second isomorphism follows from Theorem 4.0.9.

Proposition 7.1.7. For a G space Y as in Theorem 7.1.3, the following diagram com-

mutes:

(H(Y T )⊗H(BT ))W HG(Y )oo

H(Y T )W

α

OO

H(Y/G)

p

OO

oo

where the horizontal arrows are the isomorphisms defined in Theorem 7.1.5 and Remark

11, p is induced by projection E ×G Y → Y/G and α is the inclusion of H(Y T )W ∼=

(H(Y T )⊗ 1)W into (H(Y T )⊗H(BT ))W .

Proof. First of all, note that the map in cohomology induced by the projection map,

projY T : Y T × BT → Y T , sends H(Y T ) to H(Y T ) ⊗ 1 ⊂ H(Y T ) ⊗ H(BT ). Taking

Weyl invariants shows that α is induced by the projection Y T ×N(T ) E → Y T/N(T ).

Commutativity of the diagram (7.1.7) then follows by taking group quotients of the

commutative diagram:

Y T × E
proj

Y T

��

i×idE // Y × E
projY

��
Y T i // Y
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7.2 The cohomology of SU(2)n/SU(2)

In this section we compute the cohomology ring of the quotient space SU(2)n/SU(2),

where SU(2) acts on SU(2)n by conjugation. Throughout we work with coefficients in

a field F of characteristic other than 2. We will frequently quote results in Chapter 6

which are stated for characteristic zero coefficients, but all the main results hold in odd

characteristic by Corollary 6.3.6.

This section is not strictly necessary to complete our main goals, but we include it

both because it is intrinsically interesting and because H(SU(2)n/SU(2)) embeds into

H(Xn,SU(2)(c)/SU(2)) as the ring of invariants for an involution, analogous to the rela-

tionship between HT (SU(2)n) and HT (Xn,SU(2)(c)) described in Chapter 6. This section

is also helpful from a pedagogical viewpoint, because here we carry out a calculation

similar to the one in the next section, but in a simpler context. The technique used in

this section and the subsequent section was partly inspired by sections 1 and 2 of Cappell,

Lee, Miller [7]. I would also like to thank Tom Goodwillie for a private communication

providing an alternative proof of Theorem 7.2.4 that also computed torsion and was a

helpful check for our result.

Let G = SU(2) and consider the action of G on Gn by conjugation. This action is

not effective because Z(G) acts trivially, but by Proposition A.1.3 it will not make any

difference whether we work with G or G/Z(G) so we stick with G for simplicity.

Let Y ⊂ G denote those y ∈ Gn with stabilizer Gy strictly larger than Z(G). Then

it is easily deduced that,

Y = {(g0, g1, ..., gn)|g0, ..., gn lie in a common maximal torus}

and in particular, the isotropy group for every element of Y contains a maximal torus of

G. For T ⊂ G a particular maximal torus, the T -fixed point set is

(Gn)T = T n
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so by Theorem 7.1.5,

HG(Y ) ∼= (H(T n))W (7.1)

where W ∼= Z2 is the Weyl group. Applying Corollary 7.1.6, we obtain the following

isomorphism of long exact sequences,

... // H∗G(Gn)

��

// H∗G(Y )

��

dG // H∗+1
G (Gn, Y ) //

��

...

... // H∗T (Gn)W
i∗ // H∗T (T n)W

dT // HT (Gn, T n)W // ...

(7.2)

where the upper row is the LES in of the pair (Gn, Y ), and the lower row is the Weyl

invariant part of the LES of the pair (Gn, T n). We showed in §6.2 that i∗ is injective. In

particular:

PG
t (Gn, Y ) = t(PG

t (Y )− PG
t (Gn)) (7.3)

Now because G/Z(G) acts freely on Gn \ Y , we know by Lemma A.1.4 that:

Pt(G
n/G, Y/G) = PG

t (Gn, Y ) (7.4)

Lemma 7.2.1. The Poincaré polynomial for the pair (Gn/G, Y/G) is

Pt(G
n/G, Y/G) =

t

2
[
(1 + t)n

1− t2
+

(1− t)n

1 + t2
]− t(1 + t3)n

1− t4
(7.5)

over fields of characteristic other than 2. Furthermore, the cup product is trivial.

Proof. As described in §6.2, the action of G on Gn is equivariantly formal, so:

PG
t (Gn) = (1 + t3)n/(1− t4) (7.6)

By (7.1), HG(Y ) = HT (T n)W , where HT (T n) ∼=
∧
{x1, ..., xn}⊗F [c1] and W acts as ring

automorphism, and by -1 on the generators c1 and xi, i = 1, ..., n. Taking Weyl invariants

gives:
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PG
t (Y ) =

1

2
(
(1 + t)n

1− t2
+

(1− t)n

1 + t2
) (7.7)

and we obtain (7.5) by combining (7.7), (7.6), (7.4) and (7.3). Finally, triviality of the

cup product follows from the fact that the coboundary map dG in diagram (7.2) maps

surjectively onto HG(Gn, Y ) ∼= H(Gn/G, Y/G).

In fact, Lemma 7.5 can be refined. Because the localization map i∗ respects the double

grading on HT (T n) = H(T n) ⊗ H(BT ), H(Gn/G, Y/G) inherits a double grading. For

a doubly graded vector space V = ⊕∞i,j=0V
i,j, define the Poincaré polynomial Px,y(V ) =∑

i,j dim(V i,j)xiyj (see Appendix B for more on bigradings and multivariable Poincaré

polynomials). For H(T n) ⊗ H(BT ) =
∧
F{x1, ..., xn} ⊗ F [c1], we define the double

grading on generators by deg(xi) = (1, 0) and deg(c1) = (0, 2). Then

Px,y(HT (T n)) =
(1 + x)n

1− y2

Both HG(Y ) and HG(Gn) inherit double gradings as subalgebras of HT (T n):

Px,y(HG(Y )) = Px,y(HT (T n)W ) =
1

2
(
(1 + x)n

1− y2
+

(1− x)n

1 + y2
)

Px,y(HG(Gn)) = Px,y(im(i∗)) =
(1 + xy2)n

1− y4

A simple calculation similar to that proving Lemma 7.5 establishes:

Lemma 7.2.2. The cohomology ring H(Gn/G, Y/G) inherits a double grading for which,

Px,y(H(Gn/G, Y/G)) =
y

2
[
(1 + x)n

1− y2
+

(1− x)n

1 + y2
]− y(1 + xy2)n

1− y4

over fields of characteristic not equal to 2.

Here we’ve chosen to make the boundary map dG in diagram (7.2) a degree (0,1)

map. This seemingly arbitrary choice was made to make examples 6 and 7 look more

symmetric.
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Example 5. Here we illustrate the case n = 4. The number in the (j, i)th entry is the

(i, j)th Betti number of H(G4/G, Y/G).

4 1 1

3 4

2 6

1

0

0 1 2 3 4 5 6 7

The next step is to use the LES sequence of the pair (Gn/G, Y/G) to compute the

Betti numbers of H(Gn/G). The projection map between the pairs (E×GGn, E×GY )→

(Gn/G, Y/G) determines a morphism of long exact sequences:

... // HG(Gn) // HG(Y )
dG // HG(Gn, Y ) // ...

... // H(Gn/G) //

OO

H(Y/G) d //

OO

H(Gn/G, Y/G) //

OO

...

(7.8)

Using diagram (7.2), Proposition 7.1.7 and Remark 11 to make substitutions into diagram

(7.8) we acquire a new morphism of long exact sequences:

... // HT (Gn)W // (H(T n)⊗HT (pt))W
dT // HT (Gn, T n)W // ...

... // H(Gn/G) //

OO

H(T n)W
d //

OO

H(Gn/G, T n/W ) //

OO

...

(7.9)

Lemma 7.2.3. The kernel of d in (7.9) is H0(T n).

Proof. By Proposition 7.1.7 and commutativity of diagram (7.9), the kernel of d is iden-

tified with the intersection of (H(T n)⊗ 1)W with the kernel of dT . The kernel of dT was

computed in (6.2.1), and it is easily seen that ker(dT )∩ (H(T n)⊗1)W = H0(T n)⊗1.
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Theorem 7.2.4. The Poincaré polynomial for SU(2)n/SU(2) is

Pt(SU(2)n/SU(2)) = 1 + t− t(1 + t3)n

1− t4
+
t3

2
[
(1 + t)n

1− t2
− (1− t)n

1 + t2
] (7.10)

over fields of characteristic other than 2, and the cup product of the reduced ring H>0(SU(2)n/SU(2))

is trivial.

Proof. By Lemma 7.2.3 we have the equation:

Pt(G
n/G) = Pt(G

n/G, Y/G)− tPt(T n/W ) + t+ 1 (7.11)

The action of W on H(T n) is by -1 on odd degrees and +1 on even degrees. So we obtain,

Pt(T
n/W ) ∼= (1/2)((1 + t)n + (1− t)n) (7.12)

and (7.10) is computed by substituting (7.12) and (7.5) into (7.11). Triviality of the

cup product follows from Lemma 7.2.1 and from the fact that H(Gn/G, Y/G) maps

surjectively onto H>0(Gn/G) as rings in diagram (7.8).

Of course the boundary map d respects the double grading of Lemma 7.2.2, so we

obtain the following doubly graded refinement of Theorem 7.2.4.

Corollary 7.2.5. The cohomology ring H(Gn/G) may be given a bigrading for which

Px,y(H(Gn/G)) = 1 + y − y(1 + xy2)n

1− y4
+
y3

2
[
(1 + x)n

1− y2
− (1− x)n

1 + y2
] (7.13)

Example 6. The following diagram is helpful in visualizing H(Gn/G). The integers

represent the dimension of H(G4/G) in each bidegree.

4 1

3 4

2

1

0 1

0 1 2 3 4 5 6 7
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7.3 The cohomology of Hom(π1, SU(2))/SU(2)

In this section we use an argument parallel to that given in §7.2 to compute the Poincaré

polynomial and cup product information for H(X/G;F ) where X = Xr
n of (5.2) and F

is a field with char(F ) 6= 2. The techniques used apply equally well to Xn,SU(2)(c) for

any c, but in the interest of brevity we work through them explicitly only to the special

case Xr
n, and merely state results for the remaining cases.

The group G = SU(2), and hence the maximal torus T , acts on X by conjugation.

As in §7.2, the centre Z(G) of G acts trivially. By Proposition A.1.3, HG(.;F )) ∼=

HG/Z(G)(.;F ) for fields F of characteristic other than 2, so we will work with the G

action for notational simplicity.

To begin, notice that the Z2 action on X defined in Corollary 5.1.4, commutes with the

G action. Thus the quotient X/G inherits a Z2 action. The projection map ρ : X → Gn

is G-equivariant, and so descends to a map ρ : X/G→ Gn/G. This does not quite make

X/G a strong cohomological principal bundle, because the Z2 action isn’t free, but the

essential cohomological consequence does hold.

Lemma 7.3.1. The map ρ : X/G → Gn/G induces an isomorphism H(Gn/G, F ) ∼=

H(X/G,F )+ over coefficient fields F of characteristic not equal to 2, where H(X/G;F )+

is the +1 eigenspace of the induced Z2 action.

Proof. The map ρ : X/G → Gn/G factors as h ◦ π where π : X/G → (X/G)/Z2 is the

quotient map. By Theorems 4.0.9 and 4.0.8, we only need to check that the fibres of h

have trivial cohomology.

For y ∈ Gn representing [y] ∈ Gn/G the fibres of h satisfy:

h−1([y]) ∼= (ρ)−1([y])/Z2
∼= (ρ−1(y)/(Z2 ×Gy)

where Gy is the stabilzer of y. According to Proposition 5.1.3, ρ−1(y)/Z2 is either a point

or RP 2. If ρ−1(y)/Z2 is a point, then so is h−1([y]), so we only need to check are the case
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ρ−1(y)/Z2 = RP 2, which is when ρ−1(y) ∼= S2.

For y = (g1, ..., gn), the stabilizer Gy is the common stabilizer of g1, ..., gn, so Gy =

Z(G), a maximal torus, or G. If Gy = Z(G), then Gy acts trivially on ρ−1(y), so

h−1([y]) ∼= RP 2. If Gy = G, then Gy acts transitively on ρ−1(y), so h−1([y]) is a point.

If Gy is a maximal torus, then Gy acts on ρ−1(y) ∼= S2 via rotation, so h−1([y]) is

homeomophic to a line segment. In all cases h−1(y) has trivial cohomology.

Lemma 7.3.1 can be used to break the computation of H(X/G) into two steps analo-

gous to the approach used in §6.2 and §6.3. This approach would not do much to simplify

the computations, so we will instead work with H(X/G) all at once.

The stabilizer of an (n+1) tuple (g0, ..., gn) is the common centralizer of g0, ..., gn and

thus must be Z(G), a maximal torus in G or G, so X decomposes into three orbit types.

Let X irr ⊂ X denote the subset on which G acts with isotropy group Z(G) and let Xred

denote its complement. In terms of the representation description of X these correspond

to the irreducible and reducible representations respectively. We will consider the LES

in equivariant cohomology:

...→ HG(X,Xred)→ HG(X)→ HG(Xred)→ ... (7.14)

Because the stabilizer of every element of Xred contains a maximal torus of G we

deduce using Theorem 7.1.5 that:

HG(Xred) ∼= HT (XT )W (7.15)

where W is the Weyl group. By Corollary 7.1.6 we obtain an isomorphism of long exact

sequences analogous to diagram (7.2)

... // H∗G(X)

��

// H∗G(Xred)

��

// H∗+1
G (X,Xred) //

��

...

... // H∗T (X)W
i∗ // H∗T (XT )W // H∗T (X,XT )W // ...

(7.16)
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where by abuse of notation, we denote by i∗ the restriction of the localization map to the

Weyl invariants.

Because G/Z(G) acts freely on X irr, we know by Proposition A.1.4 that

HG(X,Xred) = H(X/G,Xred/G)

Theorem 7.3.2. The Poincaré polynomial for H(X/G,Xred/G) satisfies:

Pt(X/G,X
red/G) = t[PG

t (Xred)− PG
t (X)] (7.17)

Furthermore, H(X/G,Xred/G) has trivial cup product.

Proof. In diagram (7.2), i∗ is injective by equivariant formality, and so d is surjective

by exactness. This establishes (7.17). Finally, the image of a boundary map must have

trivial cup product.

Let Hcpt(.) denote compactly supported cohomology.

Corollary 7.3.3. The canonical map φ : Hcpt(X
irr/G)→ H(X irr/G) is zero.

Proof. BecauseX irr/G is an open subset of the compact spaceX/G, we haveHcpt(X
irr/G) ∼=

H(X/G,Xred/G). X irr/G is the quotient of a 3n dimensional, orientable smooth man-

ifold by the free action by G/Z(G), so is itself an orientable (noncompact) manifold of

dimension 3n − 3. Suppose that α ∈ H∗cpt(X
irr) satisfies φ(α) 6= 0. Then by Poincaré

duality, there exists β ∈ H3n−3−∗(X irr) such that φ(α)∪ β = α∪ β ∈ H3n−3
cpt (X irr) is non

zero, which contradicts triviality of the cup product.

Corollary 7.3.3 is the analogue of Theorem 0.2.1 of Hausel [18] in the context of

moduli spaces of stable SU(2)-Higgs bundles, where it was used as evidence in support

of a conjecture that the L2 cohomology of the moduli space is trivial.

Next we will compute the Poincaré polynomials occuring in (7.17). Since the conju-

gation action of G on X is equivariantly formal, we get:
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PG
t (X) =

(1 + t3)n + tn(1 + t)n

1− t4
(7.18)

How W acts on XT ∼= T n
∐
T n depends on the parity of n. When n is even, W acts

on each component via the product action of the usual action of W on T and when n

is odd W interchanges the two components. Thus by (7.15) the equivariant Poincaré

polynomial of PG
t (Xred) is computed to be:

PG
t (Xred) =


1
2
( (1+t)n

1−t2 + (1−t)n

1+t2
) n is even

(1+t)n

1−t2 n is odd

(7.19)

Remark 12. When n=2g is even, the surface Σ = (RP 2)#n+1 is homeomorphic to an

orientable surface Sg of genus g with a single real blowup. The blowup map Σn → Sg

induces a map from Hom(π1(Sg), G)/G to Hom(π1(Σ), G)/G = X/G, which sends the

Kummer variety of reducible representations to one copy of T n/W .

Next we will use the long exact sequence of the pair (X/G,Xred/G) to compute

H(X/G). The projection map between the pairs (E×GX,E×GXred)→ (X/G,Xred/G)

induce a morphism of long exact sequences:

... // HG(X) // HG(Xred)
dG // HG(X,Xred) // ...

... // H(X/G) //

OO

H(Xred/G)
d //

OO

H(X/G,Xred/G) //

OO

...

(7.20)

Using diagram (7.16), Proposition 7.1.7 and Remark 11 to make substitutions into

diagram (7.20) we acquire a new morphism of long exact sequences:

... // HT (X)W
i∗T// (H(XT )⊗HT (pt))W

dT // HT (X,XT )W // ...

... j∗// H(X/G) i∗ //

q

OO

H(XT )W
d //

OO

H(X/G,XT/W )
j∗ //

p

OO

...

(7.21)
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Lemma 7.3.4. The boundary map d of (7.21) has two dimensional kernel SpanF{1, α}

where 1 ∈ H0(XT )W+ is the constant function and α ∈ Hn(XT )W− is a fundamental class.

Proof. By commutativity, the image of d in diagram (7.21) is the intersection ofH(XT )⊗1

with ker(dT ). The kernel of dT is described in Propositions 6.2.1 and 6.3.4, from the result

is easily deduced.

Theorem 7.3.5. The Poincaré polynomial of Xn,SU(2)(C)/SU(2) for C a conjugacy class

in SU(2) equals:



t( t
2(1+t)n

1−t2 −
(1+t3)n+tn(1+t)n

1−t4 ) + (1 + t)(1 + tn) if C = (−1)n1SU(2) and n is odd

t( t
2

2
( (1+t)n

1−t2 −
(1−t)n

1+t2
)− (1+t3)n+tn(1+t)n

1−t4 ) + (1 + t)(1 + tn) if C = (−1)n1SU(2) and n is even

t( t
2(1+t)n

1−t2 −
(1+t3)n+tn+2(1+t)n

1−t4 ) + 1 + t if C = (−1)n+11SU(2) and n is even

t( t
2

2
( (1+t)n

1−t2 −
(1−t)n

1+t2
)− (1+t3)n+tn+2(1+t)n

1−t4 ) + 1 + t if C = (−1)n+11SU(2) and n is odd

t(2t2(1+t)n−(1+t3)n−tn(1+t)n

1−t2 ) + (1 + t)(1 + tn) otherwise

Proof. In fact we will only carry out the calculations for the first two cases above, which

is when Xn,SU(2)(c) = Xr
n. The remaining cases can be computed in similar fashion.

From diagram (7.21) and Lemma 7.3.4, we obtain the equation:

Pt(X/G) = Pt(X/G,X
T/W )− tPt(XT/W ) + (1 + t)(1 + tn)

Of course XT/W = Xred/G, so plugging in (7.17) gives

Pt(X/G) = t(PG
t (Xred)− PG

t (X)− Pt(XT/W )) + (1 + t)(1 + tn) (7.22)

The only polynomial in (7.22) which has not already been computed is Pt(X
T/W ). It

follows easily from the description of the W action on XT preceding (7.19) that:
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Pt(X
T/W ) =


(1 + t)n if n is odd

(1/2)((1 + t)n + (1− t)n) if n is even

(7.23)

Substituting (7.18), (7.19) and (7.23) into (7.22) gives the answer.

Remark 13. The occurrence of 1 + t in place of (1 + t)(1 + tn) in the C = (−1)n+11SU(2)

case in Theorem 7.3.5 is a consequence of the fact that for this case the boundary map

analogous to Lemma 7.3.4 has kernel spanned by 1 ∈ H0(XT/W ). Consequently the cup

product on H>0(Xs
n/G) is trivial.

Finally we will describe the cup product structure on H(X/G). Considering the

diagram (7.21), we obtain a short exact sequence of rings

0→ ker(i∗)→ H(X/G)→ im(i∗)→ 0

By Lemma 7.3.4, im(i∗) = ker(d) = F{1, α} is isomorphic to the truncated polynomial

ring R := F [α]/(α2). Also, ker(i∗) = im(j∗) = imφ where φ := j∗ ◦ p−1 ◦ dT , because dT

is surjective and p is an isomorphism. Relabeling, we get a short exact sequence of rings:

0→ im(φ)→ H(X/G)→ R→ 0 (7.24)

Lemma 7.3.6. In diagram (7.24), im(φ) has trivial cup product. Consequently, im(φ)

inherits an R-bimodule structure.

Proof. The map φ factors through a boundary map, so necessarily the cup product

vanishes on im(φ). Since im(φ) = ker(i∗) is a two sided ideal in H(X/G), it is a

bimodule of H(X/G). Because the ideal im(φ) acts trivially on the bimodule im(φ),

im(φ) inherits the structure of a (H(X/G)/im(φ))-bimodule, and by exactness of (7.24)

H(X/G)/im(φ) ∼= R.
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Lemma 7.3.6 says that H(X/G) is a Hochschild extension of R by im(φ) (see Weibel

[38] Chapter 9). We will say more about this a little later. Of course it is unnecessary

to work in terms of bimodules since we are working with (super)-commutative rings, so

the right module structure is determined by the left module structure.

Proposition 7.3.7. The structure of im(φ) as a R-module satisfies and is determined

by:

α · φ(β) = φ((α⊗ 1) ∪ β)

where β ∈ HT (XT ) = H(XT )⊗H(BT ).

Proof. Because the diagram (7.21) is induced by a map between pairs of spaces, it is in

fact a commutative diagram of H(X/G)-modules, where x ∈ H(X/G) acts on H(X/G)

and H(X/G,XT/W ) by x∪ ·, on H(XT/W ) by i∗(x)∪ ·, on HT (X)W and HT (X,XT )W

by q(x) ∪ · and on HT (XT )W by i∗T (q(x)) ∪ ·.

Choose α′ ∈ H(X/G) satisfying i∗(α′) = α. Then α ·φ(β) = α′∪φ(β) = φ(i∗T (q(α′))∪

β) = φ((α⊗ 1) ∪ β) as stated.

Proposition 7.3.7 and Lemma 7.3.6 determine the cup product structure on H(X/G)

almost completely. If we let s : R → H(X/G) denote a vector space splitting of the

short exact sequence (7.24), satisfying s(1) = 1 then we know that the map R⊕ im(φ)→

H(X/G) sending (r,m) to s(r) ∪ m is an isomorphism of rings, where R ⊕ im(φ) is

equipped with the product (r1,m1) · (r2,m2) = (r1 ∪ r2, r1 · m2 + m1 · r2 + f(r1, r2))

and f : R × R → R is a F -bilinear map and a Hochschild 2-cocyle. The cocycle f is

determined by the value of f(α, α) = s(α)∪s(α). Unfortunately, f(α, α) is unconstrained

by the cocycle condition. Indeed we would get a perfectly good graded commutative ring

by setting f(α, α) = β for any β ∈ im(φ) of degree n.

On the other hand, the rings im(φ) and R inherit bigradings in the same way as

H(Gn/G) did in §7.2. Furthermore, the R-module structure on im(φ) respects the bi-

grading in the sense described in Appendix B. So it is reasonable to expect that (7.24)
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is a short exact sequence of doubly graded rings.

Proposition 7.3.8. The following statements are equivalent:

(i) H(X/G) has a bigrading such that (7.24) is a short exact sequence of doubly graded

rings.

(ii) The Hochschild extension class [f ] ∈ H2(R, im(φ)) of (7.24) vanishes.

(iii) There exists α′ ∈ H(X/G) satisfying i∗(α′) = α and α′ ∪ α′ = 0.

Proof. The equivalence of (ii) and (iii) are clear. If (iii) holds, we can decompose

H(X/G) = F{1} ⊕ F{α′} ⊕ im(φ), and define a bigrading by retaining the bigrading

on im(φ), giving 1 degree (0, 0), and α′ degree (n, 0) which establishes (i). Conversely,

if (i) holds there is an element α′ ∈ H(X/G) of degree (n, 0) which maps to α and

α′ ∪ α′ ∈ H(X/G)(2n,0) = 0, establishing (iii).

The aesthetic appeal of this possible bigrading motivates the following conjecture.

Conjecture 1. The equivalent statements in Proposition 7.3.8 are true.

We can not prove this conjecture, but we can obtain some partial results.

Proposition 7.3.9. The exists α′ ∈ Hn(X/G) such that φ(α′) = α and α′ ∪ α′ ∪ α′ = 0

Proof. The only β ∈ im(φ) satisfying α · β 6= 0 lie in odd degrees, but α′ ∪ α′ ∈ im(φ)

has even degree, so α · (α′ ∪ α′) = α′ ∪ α′ ∪ α′ = 0.

Proposition 7.3.10. Conjecture 1 holds when n = 1 or 2.

Proof. Choose α′ ∈ H(X/G) of degree n satisfying i∗(α′) = α. Then α′ ∪ α′ ∈ im(φ)+

has degree 2n. But im(φ)2n
+ = 0 for n = 1, 2 so α′ ∪ α′ = 0 also.

Whether Conjecture 1 holds or not, we can still use any vector space splitting of

(7.24) to induce to give H(X/G) a bigrading as a vector space.
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Example 7. In this diagram, we illustrate the bigraded Betti numbers for H(X/G)− in

the case n = 4. Compare with Example 6 . We caution that this bigrading is as a vector

space, and only as a ring if Conjecture 1 holds.

4 1

3

2

1 4

0 1

0 1 2 3 4 5 6 7

7.4 Cohomology of Hom(Zn, G)

This section is really an aside from the main problem. It contains the main result from

[3], and is included here as a further application of Theorem 7.1.3. The contents of this

section will not be used later.

Let G be a connected, compact Lie group and let Rn,G be the identity component of

{(g1, ..., gn) ∈ Gn|gigj = gjgi ∀i, j} ∼= Hom(Zn, G), topologized as a subspace of Gn. The

following theorem, paraphrased from Kac-Smilga [24], shows that in many cases Rn,G is

in fact the only component of Hom(Zn, G).

Theorem 7.4.1. Let G be a compact, simple Lie group. The space Hom(Zn, G) is con-

nected if and only if any of the following conditions are met:

i) n = 1, and G is connected.

ii) n = 2 and G is 1-connected.

iii) n ≥ 3 and G = SU(m) or Sp(m), m ≥ 1.

The following lemma, which is a consequence of classification of components of Hom(Zn, G)

in [24] and Borel-Friedman-Morgan [5], gives a concrete description of Rn,G.
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Lemma 7.4.2. For a compact Lie group G, every commuting n-tuple in Rn,G lies in a

maximal torus of G.

It follows that every point in Rn,G is fixed by a maximal torus under the conjugation

action.

The main result of this section is:

Theorem 7.4.3. Let G be a connected, compact Lie group and let T be a maximal torus

in G. The pair (φ : G × T n → Rn,G, N(T )) forms a cohomological principal bundle for

cohomology over fields F of characteristic relatively prime to #W , where W is the Weyl

group. In particular, H(Rn,G;F ) ∼= H(G/T × T n;F )W .

Proof. This is a straightforward application of Theorem 7.1.3.

We deduce using Theorem 7.1.5:

Corollary 7.4.4. HG(Rn,G) ∼= HT (T n)W .

Remark 14. It may be shown (see Schwartz [35]), that the quotient G ×N(T ) T
n is a

nonsingular real algebraic variety. The induced map h : G×N(T ) T
n → Rn,G is surjective,

regular and induces birational equivalence. Thus h : G ×N(T ) T
n → Rn,G is a resolution

of singularities for Rn,G.

Since G/T has a CW-structure with only even dimensional Schubert cells, H(G/T,Z)

is torsion free, and H(T n,Z) is also torsion free. If (char(F ),#W ) = 1, it follows by

Lemma 7.4.6 that dimHk(Rn,G;F ) = dimHk(Rn,G,C). The universal coefficient theorem

now applies to prove:

Corollary 7.4.5. Tor(Zp, H
∗(Rn,G,Z)) = 0, for primes p satisfying (p,#W ) = 1.

Lemma 7.4.6. Let Γ be a finite group acting linearly on a free, finitely generated Z-

module M ∼= Zn. Given any field F , there is an induced linear action on MF = M ⊗ F .

If gcd(char(F ),#Γ) = 1, then dimF ((MF )Γ) = rankZ(MΓ)
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Proof. Because MΓ is a saturated sublattice of M(in the sense that αm ∈MΓ for nonzero

α ∈ Z implies m ∈M), it follows that any basis of MΓ extends to a basis of M .

Let ψ : M → M ⊗ F sends m to m ⊗ 1 and let V := spanF{φ(MΓ)}. Then

dimF (V ) = rankZM
Γ and V ⊂ (MF )Γ. In fact, we will show V = (MF )Γ, thus proving

the theorem.

Because #Γ is invertible in F , we can define a projection operator P : MF →MΓ
F by:

P (x) =
1

#Γ

∑
g∈Γ

gx

The image of P is spanned by vectors
∑

g∈Γ gψ(m) = ψ(
∑

g∈Γ gm), which all lie in V

which proves that V = (MF )Γ completing the proof.

In view of Corollary 7.4.5, little will be lost by focusing on the characteristic zero case

from now on.

The first homology group H1(T n,R) is canonically isomorphic as vector spaces to the

Lie algebra, Lie(T n) = tn. It follows that H∗(T n) ∼=
∧

t∗n with its usual grading. It

is also well known that the equivariant cohomology of a point HT (pt,R) is canonically

isomorphic to the symmetric algebra St∗, with grading deg(Sit) = 2i (see Appendix A

for more details). Combining this with Theorem 7.4.3 and Corollary 7.4.4 results in the

following simple formulas:

HG(Rn,G,R) ∼= (
∧

t∗n ⊗ St∗)W

and

H(Rn,G,R) ∼= (
∧

t∗n ⊗ St∗)W/ < St∗W+ >

where < St∗W+ > denotes the ideal generated by the image of the ring of positive degree

elements in St∗W ∼= HG.
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For explicit computations of H(Rn,G,R) in some special cases, the reader is encour-

aged to consult [3].



Chapter 8

Efforts at Generalization

In this chapter we will work with real coefficients for the sake of simplicity, though pretty

much everything works over fields of characteristic relatively prime to the order of the

Weyl group. For G connected compact, we define ρ : Xn,G(c)→ Gn by

ρ(g0, ..., gn) = (g1, ..., gn) (8.1)

projection onto the last n components. For T ⊂ G a maximal torus, we set ρT : Xn,T →

T n to be the restriction of ρ.

8.1 Hom(π1, G) for G of semisimple rank 1

We use cohomology with real coefficients throughout this section. Let G be a compact

connected Lie group with Lie algebra g. We may decompose g into its central and

semisimple parts:

g = Z(g)⊕ gss

where gss = [g, g] is the first derived subalgebra and Z(g) is the centre of g. In this

section we consider the case where gss has rank 1. By the classification of semisimple

75
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Lie algebras, this implies that g ∼= su(2). Thus, letting S denote exp(Z(g)) there is a

surjective homomorphism,

φ : S × SU(2)→ G (8.2)

satisfying ker(φ) ⊂ Z(S × SU(2)) = S × ±1SU(2) and ker(φ) ∩ S × 1SU(2) = 1S×SU(2).

It follows that ker(φ) has cardinality no greater than two. This leaves three distinct

possibilities:

Lemma 8.1.1. Let G have rank r and semisimple rank 1. Then G is isomorphic to one

of the following:

i) U(1)r−1 × SU(2)

ii) U(1)r−1 × SO(3)

iii) U(1)r−2 × U(2)

Proof. Let φ be the map defined in (8.2). Then since S is isomorphic to U(1)r−1, i) covers

the case that φ has trivial kernel, and ii) covers the case that φ has kernel generated by

(1S,−1SU(2)). Otherwise, ker(φ) is generated by (k,−1SU(2)) where k ∈ S(α) squares to

the identity. But we may always choose an isomorphism from S to U(1)r−1 sending k to

(1, 1, 1, ...,−1), so

G ∼= U(1)r−2 × (U(1)× SU(2)/(−1U(1),−1SU(2))) ∼= U(1)r−2 × U(2)

which falls under case iii).

Using the next lemma, the problem will reduce to the cases G = SU(2), SO(3), U(2).

Lemma 8.1.2. Let G = G1 × G2, where G1 and G2 are compact connected Lie groups,

then for (c1, c2) ∈ T ,

Xn,G(c1, c2) ∼= Xn,G1(c1)×Xn,G2(c2).
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Furthermore, let T = T1 × T2 be their respective maximal tori, with fixed point inclusion

maps i, i1, i2. Then

HT (Xn,G(c)) ∼= HT1(Xn,G1(c1))⊗C HT2(Xn,G2(c2)) (8.3)

and

HT (Xn,G(c1, c2)) i∗ //

��

HT (Xn,T (c1, c2))

��
HT1(Xn,G1(c1))⊗HT2(Xn,G2(c2))

i∗1⊗i∗2 // HT1(Xn,T1(c1))⊗HT2(Xn,T2(c2))

is commutative.

Proof. The first claim is obvious. Equation (8.3) and commutativity of the diagram are

straightforward applications of Proposition A.1.5.

The case G = SU(2) has been covered already. We handle the cases G = SO(3) and

G = U(2) in turn. In both cases the strategy is to choose a double covering group φ : G̃→

G, where G̃ = SU(2) or SU(2)× U(1), which induces a covering ψ :
∐

φ(d)=cXn,G̃(d) →

Xn,G(c). A maximal torus T̃ ⊂ G̃ maps to T ⊂ G and we use the commutative diagram:

⊕
φ(d)=cHT̃ (Xn,G̃(d)) −−−→

⊕
φ(d)=cHT̃ (Xn,T̃ (d))x x

HT (Xn,G(c)) −−−→ HT (Xn,T (c))

where the horizontal maps are localization maps and the vertical maps are injections by

Proposition 4.0.10 and Lemma A.1.3 .

Proposition 8.1.3. The variety Xn,SO(3)(c) has two connected components, each con-

taining one component of Xn,T (c) ∼= T n t T n, where T ⊂ SO(3) is a maximal torus

containing c. The Poincaré polynomial of Xn,SO(3)(c) is independent of c and equals

Pt(Xn,SO(3)(c)) = 2(1 + t3).
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The image of the localization map i∗ : HT (Xn,SO(3)) → HT (Xn,T ) ∼= (H(T n
∐
T n)) ⊗

H(BT ) is ⊕k≤lHk(T n
∐
T n)⊗H l(BT ).

Proof. The double cover φ : SU(2)→ SO(3) induces a 2n+1-fold covering map,

ψ : Xn,SU(2)(d) tXn,SU(2)(−d)→ Xn,SO(3)(c)

where φ(d) = c. One of the deck transformations of ψ is the involution described in

(5.1.3), and so by Theorem 4.0.9 we have an injection:

H∗(Xn,SO(3)(c))→ H∗(Xn,SU(2)(d))+ ⊕H∗(Xn,SU(2)(−d))+

On the other hand, the lower bound on the sum of Betti numbers from Proposition A.2.3,

implies that this injection is an isomorphism. The image of the localization map is just

the sum on each component of the image of i∗+ as described in Proposition 6.2.1.

Proposition 8.1.4. The variety Xn,U(2)(c) has two components, each containing two

components of the T -fixed point set, Xn,U(2)(c)
T = Xn,T (c) ∼=

∐
4 T

n, where T ⊂ U(2) is

a maximal torus containing c. The Poincaré polynomial of Xn,U(2)(c) is,

Pt(Xn,U(2)(c)) =


(1 + t)n(2(1 + t3)n + (t+ t2)n(1 + t2)) if c ∈ Z(U(2))

2(1 + t)n((1 + t3) + (t+ t2)n) otherwise

Proof. The double cover φ : U(1)× SU(2)→ U(2) induces a 2n+1 fold covering map

ψ :
∐
±

Xn,U(1)×SU(2)(±(d1, d2))→ Xn,U(2)(c)

where φ(d1, d2) = c. Each of Xn,U(1)(±(d1, d2)) are preserved by the group of covering

transformations so Xn,U(2)(c) has at least two components.

By Theorem 8.1.2, Xn,U(1)×SU(2)((d1, d2)) ∼= Xn,U(1)(d1) × Xn,SU(1)(d2). By Proposi-

tion 3.0.3, Xn,U(1)(d1) has two components isomorphic to U(1)n and by Theorem 5.3.4,
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Xn,SU(1)(d2) has one component so Xn,U(1)×SU(2)((d1, d2)) has two components and the

covering transformations of ψ interchange these components. Likewise forXn,U(1)×SU(2)(−(d1, d2)).

It follows that ψ factors through an intermediate covering space:

ψ′ : U(1)n × (
∐
±

Xn,SU(1)(±d2))→ Xn,U(2)(c)

Thus, by Theorem 4.0.9, we have an injection

H(Xn,U(2)(c))→ H(U(1)n)⊗ (
⊕
±

H(Xn,SU(1)(±d2)))

which by the Betti number inequality of Proposition A.2.3, must be an isomorphism.

The result then follows from Theorem 5.3.4.

In fact, the proof of Proposition 8.1.4 implies that the vertical maps in the commu-

tative diagram:

⊕
±HU(1)(U(1)n)×HT ′(Xn,SU(2)(±d)) −−−→

⊕
±HU(1)(U(1)n)×HT ′(Xn,T ′(±d))xψ′∗ x

HT (Xn,U(2)(c)) −−−→ HT (Xn,T (c))
(8.4)

are isomorphisms. This allows us to compute the image of the localization map for Xn,U(2)

in terms of the localization map for Xn,SU(2).

Corollary 8.1.5. Let j∗ : HT (Xn,U(2)(c))→ HT (Xn,T (c)) be the localization map. Then

the image of j∗ is identified with
⊕
±HU(1)(U(1)n) × i∗(HT ′(Xn,SU(2)(±d))) where i∗ :

H(Xn,SU(2))→ H(Xn,T ′) is the localization map for Xn,SU(2) as described in Chapter 6.

Recall from Chapter 3:

Lemma 8.1.6. For T a compact torus of rank r, Xn,T has 2r components, each isomor-

phic to T n, and T2 := {t ∈ T |t2 = 1T} ∼= Zr
2 acts freely and transitively on the set of
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components. Thus if I indexes the set of components,

HT (Xn,T (c)) ∼= RI ⊗H(T n)⊗H(BT )

as a graded T2 module, where T2 acts through the induced action on RI and trivially on

the two remaining factors.

As it turns out, the image of the localization map i∗ : HT (Xn,G(c)) → HT (Xn,T (c))

can in most cases be conveniently described in terms of the weight spaces of the T2 action.

Because I is a T2-torsor, each character occurs precisely once in RI, so as a Ť2-graded

ring:

HT (Xn,T (c)) =
⊕
χ∈Ť2

HT (Xn,T (c))χ ∼= RŤ2 ⊗HT (T n) (8.5)

where the sum is taken over χ ∈ Ť2, the group of irreducible characters of T2. In

particular, each weight space HT (Xn,T (c))χ is isomorphic to HT (T n) as a graded vector

space.

Proposition 8.1.7. Let G be a connected, compact Lie group of semisimple rank 1,

and let c ∈ G. Then, except for the case G ∼= U(1)r−2 × U(2) and c ∈ Z(G), the

equivariant cohomology ring HT (Xn,G(c)) inherits a decomposition from (8.5) via the

inclusion i∗ : HT (Xn,G)→ HT (Xn,T ). i.e.:

HT (Xn,G) =
⊕
χ∈Ť2

HT (Xn,G)χ

and i∗(HT (Xn,G)χ) ⊂ HT (Xn,T )χ.

proof of 8.1.7. The proof is immediate in cases (i) and (ii) of Proposition 8.1.1, because

then T2 ⊂ Z(G), so the T2-action on Xn,T (c) extends naturally to Xn,G(c). Case (iii)

reduces to the special case U(2) and c ∈ U(2) generic.

Because T2 * Z(U(2)), the T2-action on Xn,T (c) does not extend in the obvious way

to Xn,U(2)(c). However, −1U(2) ∈ T2∩Z(U(2)) does extend to an involution on Xn,U(2)(c).
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This lifts to the cover ψ :
∐
±Xn,±d×U(1)n → Xn,U(2)(c) as the usual Z2 involution acting

on the Xn,±d factors.

It follows from diagram (8.4) and from the results of Chapter 6 that imi∗ does decom-

pose into T2 weight spaces, and that under the correspondence H(Xn,T (c)χ ∼= HT (T n) ∼=

HT ′((T
′)n)⊗HU(1)(U(1)n) the image of i∗χ is:

im(i∗)χ =


⊕

k≤lH
k(T ′n)⊗H2l(BT ′)⊗HU(1)(U(1)n) if χ(1U(2)) = 1⊕

k+l≥nH
k(T ′n)⊗H2l(BT ′)⊗HU(1)(U(1)n) if χ(1U(2)) = −1

.

In the proof of Proposition 8.1.7 an important role was played by the value of

χ(−1U(2)). In fact it is generally true that the image of i∗χ depends only on the value of χ

on the element of T2 in the ”semisimple direction”. We introduce some notation to deal

with all three cases in a unified way. Let Z(G)0 denote the identity component of the

centre of G and let T ′ = exp(t′). Then the map Z(G)0× T ′ → T sending (z, t)→ zt is a

finite covering homomorphism and induces an isomorphism:

HT (T n) ∼= HT ′(T
′n)⊗HZ(G)0((Z(G)0)n). (8.6)

Proposition 8.1.8. Let c ∈ G satisfy the hypotheses of Proposition 8.1.7, and let i∗χ :

HT (Xn,G(c))χ → HT (Xn,T (c))χ denote the χth component of the localization map. Let t′

be the semisimple part of t = Lie(T ), let α ∈ t′∗C be a root for gssC and let Hα ∈ it′ be its

coroot, satisfying α(H) = 2. Then under the identification HT (Xn,T (c))χ ∼= HT (T n) ∼=

HT ′(T
′n)⊗HZ(G)0((Z(G)0)n) described in (8.6), the image of i∗χ satisfies:

im(i∗)χ = [
⊕
i≤j

H i(T ′n)⊗H2j(BT ′n)]⊗HZ(G)0((Z(G)0)n)

when χ(exp(iπH)) = 1 and
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im(i∗)χ = [
⊕
i+j≥n

H i(T ′n)⊗H2j(BT ′n)]⊗HZ(G)0((Z(G)0)n)

when χ(exp(iπH)) = −1.

Proof. By Proposition 8.1.1, it suffices to consider the cases G = SU(2), SO(3) and

U(2). For G = SU(2), exp(iπH) = −1G and this proposition reduces to Theorems 6.2.1

and 6.3.4. When G = SO(3), exp(iπH) = 1G and the result follows immediately from

Proposition 8.1.3. When G = U(2), exp(iπH) = −1G and the result was verified during

the proof of Proposition 8.1.7.

In the next proposition we demonstrate a relation between the equivariant cohomology

of Xn,G and Gn analogous to that described in §6.3 in the G = SU(2) case.

Proposition 8.1.9. Let G be connected compact of semisimple rank 1. The conjugation

action of T on Gn is equivariantly formal and the image of the localization map i∗ :

HT (Gn)→ HT (T n) ∼= HT ′(T
′n)⊗HZ(G)0((Z(G)0)n) is:

im(i∗) = [
⊕
i≤j

H i(T ′)⊗H2j(BT ′)]⊗HZ(G)0((Z(G)0)n)

Let ρ : Xn,G → Gn by (8.1). The induced map ρ∗ : HT (Gn) → HT (Xn,G(c)) is injective,

and if T acts formally on Xn,G(c) and G, c satisfy the hypotheses of Proposition 8.1.7,

then im(ρ∗) = HT (Xn,G(c))1Ť2
.

Proof. Equivariant formality follows from Example 9. The image of the localization map

is reduces to the SU(2) case in analogy with the proof of Proposition 8.1.8. Injectivity

of ρ∗ is a consequence of the commutative diagram:

HT (Xn,G) −−−→ HT (Xn,T )xρ∗ xρ∗T
HT (Gn) −−−→

i∗
HT (T n)
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and from the injectivitiy of i∗ and ρ∗T . The image of ρ∗T is HT (Xn,T (c))1Ť2
, so the last

statement is a consequence of Proposition 8.1.8.

8.2 Hom(π1, G) for general compact connected G

So far, we have proved equivariant formality for the conjugation action of T on Xn,G(c)

when G has semisimple rank 0 or 1. It remains an open question whether equivariant

formality holds for general compact connected G. In the case n = 0, X0,G(c) consists

of a union of homogeneous spaces of the form G/H where H contains a maximal torus

T , and such spaces can easily be shown to be equivariantly formal T -spaces (in fact

GKM-spaces, see Guillemin-Holm-Zara [15]).

In this section, we introduce as a hypothesis the weaker property that i∗ : HT (Xn,G(c))→

HT (Xn,T (c)) is injective, and explore the implications. Surprisingly, this additional hy-

pothesis is enough to derive formulas which in principle compute the cohomology ring

HT (Xn,G(c)) as a subring of HT (Xn,T (c)). The formulas give reasonable looking answers,

so they provide circumstantial evidence in support of the contention that Xn,G(c) is in

fact equivariantly formal as a T -space (hence also as a G-space). In the interests of

simplifying notation, we will drop the (c) when there is little risk of confusion.

Suppose that i∗ : HT (Xn,G) → HT (Xn,T ) is injective. Then by Theorem A.2.2, if

X1 ⊂ Xn,G is the set of points with isotropy group of codimension less than or equal to

1 in T , and j : Xn,T ↪→ X1 is the inclusion map, then

HT (Xn,G(c)) ∼= im(i∗) = im(j∗) ⊂ HT (Xn,T (c)).

To describe X1, we must first determine which codimension 1 subtori occur as isotropy

groups. For S ⊂ T a subtorus, let ZG(S) ⊂ G denote the centralizer of S. Then,

XS
n,G = Xn,ZG(S) ⊂ Xn,G
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where XS
n,G denotes the set stabilized by S. The following theorem tells us which codi-

mension 1 subtori S occur as isotropy groups.

Proposition 8.2.1. The set of codimension one subtori S ⊂ T with centralizer ZG(S)

strictly larger than T is parametrized by a choice of positive roots ∆+ for t ⊂ g. The

correspondence is defined by α→ exp(ker(α)), where ker(α) ⊂ t is the root hyperplane of

α.

To prove this theorem we will need to employ some structure theory for semisimple

Lie algebras. Let g denote the Lie algebra of G and gC its complexification. Then we

may decompose gC into its central and semisimple parts:

gC = Z(gC)⊕ gssC

where gssC := [gC, gC]. Let t denote the Lie algebra of T and t′C = tC ∩ gssC . Then t′C is a

Cartan subalgebra of gssC and induces a root space decomposition:

gC = Z(gC)⊕ t′C ⊕
⊕
α∈∆

gssC,α (8.7)

where ∆ is the set of roots for gssC . We will view ∆ as lying in t∗C by extending to

zero on Z(gC). The decomposition of gC in (8.7) induces a decomposition of g. The

subspace g = g ⊗ 1 ⊂ gC coincides with the fixed point set under complex conjugation.

Complex conjugation maps Z(gC) and t′C to themselves, fixing Z(g) and t′ respectively,

and interchanges gssC,α and gssC,−α. Thus we may decompose:

g = Z(g)⊕ t′ ⊕
⊕
α∈∆+

g±α

where ∆+ ∼= ∆/±1 denotes a choice of positive roots and we define:

g±α := g ∩ (gssC,α ⊕ gssC,−α)
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Notice that t = Z(g)⊕ t′ and that g±α has real dimension two because gssC,α ⊕ gssC,−α has

complex dimension two.

We will need the following lemma (Knapp [26] 4.51):

Lemma 8.2.2. In a compact connected Lie group, the centralizer of a torus is connected.

proof of Proposition 8.2.1. For S ⊂ T a subtorus, let Lie(S) := s. By Lemma 8.2.2,

T ( ZG(S) if and only if t ( Zg(s), where Zg(s) denotes the centralizer of s in g. We

may identify Zg(s) as the subspace of g annihilated by s, under the adjoint action, so:

Zg(s) = t⊕
⊕
α|s=0

g±α

Consequently, if ZG(S) is strictly larger than T , then S ⊂ exp(kerα) for some α. Equality

follows if we insist S have codimension one.

Let Z(α) denote ZG(exp(ker(α))). As a consequence of Proposition 8.2.1 we may

express X1 as a finite union,

X1 =
∐
α∈∆+

Xn,Z(α).

Because Z(α) ∩ Z(β) = ZG(T ) = T for α 6= β, we get:

Xn,Z(α) ∩Xn,Z(β) = Xn,T , for distinct α, β ∈ ∆+

Let jα : Xn,T ↪→ Xn,Z(α) denote the inclusion map. A simple Mayer-Vietoris argument

establishes:

imj∗ =
⋂
α∈∆+

imj∗α

Next we must describe Z(α). We know that z(α) := Lie(Z(α)) = t ⊕ g±α, and has

center ker(α). It follows easily that as Lie algebras:

z(α) ∼= ker(α)⊕ su(2)
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where su(2) is mapped to the subalgebra of z(α) generated by g±α. In particular, Z(α)

has semisimple rank 1 and so by Proposition 8.1.1 is isomorphic to one of U(1)r−1×SU(2),

U(1)r−1×SO(3) or U(1)r−2×U(2). Notice that under the usual action of the Weyl group

W on ∆, that Z(α) ∼= w · Z(α) = Z(w · α) so because W acts transitively on the set of

roots of a particular length, there can be at most two isomorphism classes of Z(α) for a

given group G.

We introduce some notation to more conveniently apply Proposition 8.1.8. For α ∈ ∆,

let S(α) = exp(ker(α)) ⊂ T and let T (α) = exp(ker(α)⊥) ∼= U(1) where we take perp in

t with respect to a G invariant inner product. Then we get the equivalent of (8.6):

HT (T n) ∼= HT (α)(T (α)n)⊗HS(α)(S(α)n)

Theorem 8.2.3. Let G be a compact connected Lie group and let c ∈ G be a generic

element. Let T ⊂ G be a maximal torus containing c and let T2 ⊂ T be the subgroup of

2-torsion elements. Assume that the localization map i∗ : HT (Xn,G(c)) → HT (Xn,T (c))

is injective. Then HT (Xn,G(c)) decomposes into a Ť2-graded subring of RŤ2 ⊗ HT (T n)

where Ť2 is the group of T2-characters, and the χ ∈ Ť2 summand can be identified with:

HT (Xn,G(c))χ ∼= Rχ ⊂ HT (T n)

where

Rχ = Rχ(n,G) :=
⋂
α∈∆+

Rα,χ ⊂ HT (T n)

and

Rα,χ :=


[
⊕

i≤j H
i(T (α)n)⊗H2j(BT (α))]⊗HS(α)(S(α)n) if χ(exp(Hα)) = 1

[
⊕

i+j≥nH
i(T (α)n)⊗H2j(BT (α))]⊗HS(α)(S(α)n) if χ(exp(Hα)) = −1

(8.8)

Remark 15. The ring Rα,χ inherits a double grading from H(T n) ⊗ H(BT ) and thus

so does Rχ. Thus if Xn,G(c) is an equivariantly formal T -space, HT (Xn,G) will inherit a
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Ť2 ⊕ Z2 grading and via (A.4) so will H(Xn,G).

Remark 16. Notice that as Z2-graded modules over HT = H(BT ), we have an isomor-

phism Rα,χ(n,G) ∼= Rα,χ(1, G)⊗HT
n, induced by restriction via the Kunneth isomorphism

HT (T )⊗HT
n ∼= H(T )⊗n ⊗H(BT ) ∼= H(T n)⊗H(BT ).

Of course we have not shown that the equivariant formality hypothesis of Theorem

8.2.3 holds for any Lie group of semisimple rank greater than 1. To help motivate

speculation that the hypothesis may hold in general, we note that Xn,G shares a number

of intriguing similarities with GKM-spaces (see for example [15]). Let X0 = Xn,T and

X1 = ∪α∈∆/±1Xn,Z(α), then in analogy with the theory of GKM spaces, we may form a

graph with vertex set V equal to the set of connected components of X0 and edge set E

the connected components of X1 −X0, where e ∈ E is incident to v ∈ V if and only if v

is contained in the closure of ē. This works because ē contains at most two elements of

V (precisely two if Z(α) is not isomorphic to SO(3)× U(1)r−1 for any α). Furthermore,

the edges of the graph are labeled by roots, which is often the case for GKM spaces

constructed from Lie groups (see [15]).

A Hamiltonian action of a torus K on a compact symplectic manifold M is GKM

precisely when the fixed points are isolated and for each p ∈M the isotropy representation

on TpM decomposes into weights αi,p which are pairwise linearly independent, so that

for i 6= j, αi,p is not a linear multiple of αj,p. Guillemin and Holm [16] consider the more

general situation of a compact Hamiltonian K-space M for which the isotropy at p ∈MT

on TpM/TpM
T has pairwise linearly independent weights. Using the Morse theory of the

moment map they prove a number of consequences, the most striking of which is that

the components of the fixed point set are all diffeomorphic to each other, a property that

Xn,G also possesses. Furthermore in the n = 1 case, which by Theorem 8.2.15 seems to

be the essential case, the normal bundle to the components of X1,G(c) do decompose into

pairwise linearly independent weights.

On the other hand, X1,G(c) is not a symplectic manifold in general, because X1,SU(2)(c)
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is 3 dimensional. A greater obstacle is that by Remark 18 there is no Morse-Bott function

on X1,SU(3) whose critical points coincide with the fixed point set. Nevertheless, the

similarities are quite encouraging and we hope to clarify to further clarify the relationship

in future work.

For the remainder of this section, we explore some properties of Rχ and compare to

what we should expect if the hypothesis of equivariant formality holds.

We will need the following two algebraic lemmas:

Lemma 8.2.4. Let ι : M → N be an injection of free modules over a commutative ring

S. Then the tensor map ι⊗n : M⊗ → N⊗n is also injective.

Proof. The tensor map ι⊗n decomposes into a composition of maps of the form

(idM)⊗k ⊗ ι⊗ (idN)n−k−1 : M⊗k+1 ⊗N⊗n−k−1 →M⊗k ⊗N⊗n−k (8.9)

so it suffices to show that these are injective. Up to reordering factors, the morphisms in

(8.9) are of the form ι ⊗ idP : M ⊗ P → N ⊗ P where P is a free module, so since ι is

injective, ι⊗ idP is as well.

Lemma 8.2.5. Let N be a module over a commutative ring S, let {ia : Ma ↪→ N |a ∈

{1, ..., k}} be a collection of submodules of N , and let P :=
⋂n
a=1 Ma be their intersection,

with j : P ↪→ N the induced inclusion map. Taking n-fold tensor products, we get:

im(j⊗n) ⊂
k⋂
a=1

im(i⊗na )

as submodules of N⊗n.

Proof. j factors through ia, so j⊗n factors through i⊗na and we get an inclusion of their

images. The result follows by intersecting over a ∈ {1, ..., k}.

Lemma 8.2.6. Suppose ι : Rχ(1, G) ↪→ H(T )⊗H(BT ) is a free H(BT )-module. Then

ι⊗n : Rχ(1, G)⊗HT
n ↪→ H(T )⊗n ⊗ H(BT ) is an injection of Z2-graded H(BT )-modules

and maps into Rχ(n,G).
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Proof. By Lemma 8.2.4, Rχ(1, G) is free implies that ι⊗n is an injection. By definition

Rχ(1, G) = ∩α∈∆Rα,χ(1, G), so by Lemma 8.2.5, we know im(ι⊗HT
n) ⊂ ∩α∈∆im(i

⊗HT
n

α )

where iα : Rα,χ(1, G) → HT (T ) is inclusion. Comparing with Remark 16 implies

im(ι⊗HT
n) ⊂ ∩α∈∆Rα,χ(n,G) = Rχ(1, G)

We will show in Theorem 8.2.15 that ι⊗HT
n produces an isomorphism betweenRχ(1, G)⊗HT

n

under Rχ(n,G) the hypothesis that Xn,G(c) is equivariantly formal. First though we need

to introduce some machinery.

Let N ∼= R{x1, ..., xk} be a free module over R and suppose M ⊂ N a rank k free

submodule. Then M is the image of some T ∈ EndR(N) which can be expressed in

terms of the basis as a k× k matrix with entries from R. Tensoring by the quotient field

we get something invertible, so T has nonzero determinant.

Definition 4. Let R be a commutative integral domain, let Q be the quotient field

of R and N ∼= Rk a finite rank free module over R. We define GLR(N) := {A ∈

EndR(N)|A ⊗R Q ∈ GL(N ⊗R Q) to be those endomorphisms which extend to general

linear transformations upon tensoring by Q. In terms of a R-basis for N these are en-

domorphisms expressible as matrices in Mk×k(R) with nonzero determinant.

It is easy to see that for a rank k free module N over a commutative integral domain

R, the submodules expressible as im(A) for some A ∈ GLR(N) are precisely the rank k

free submodules. This correspondence is useful, because it allows us to define invariants

of such submodules. We first must prove some lemmas.

Lemma 8.2.7. Let A ∈ GLR(Rk), where R is a commutative integral domain. Then

im(A) = Rk if and only if det(A) is a unit.

Proof. If im(A) = Rk then A−1 exists and lies in GLR(Rk). So det(A−1)det(A) = 1 and

det(A) is a unit. Conversely, suppose that det(A) is a unit. Then we can construct A−1

using the adjoint construction: A−1 = Adj(A)/det(A) ∈ GLR(Rk) and thus im(A) =

Rk.
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Lemma 8.2.8. Let R be a commutative integral domain, let A,B ∈ GLR(Rk) and sup-

pose im(A) = im(B). Then det(A) = λdet(B) where λ ∈ R is a unit.

Proof. Because im(A) = im(B) it follows that A = B◦C where C ∈ GLR(Rk) is a change

of basis transformation for Rk. In particular, im(C) = Rk, so det(A) = det(B)det(C)

where det(C) is a unit by Lemma 8.2.7.

Definition 5. Let R be a commutative integral domain with R∗ its group of units, and

let ι : M ↪→ N be a pair free R-modules of equal rank r. We define then index of the pair:

[N : M ] ∈ R/R∗ represented by det(A), where A ∈ GLR(N) has image M . Alternatively,

[N : M ] is a represented by any generator of the rank 1 free submodule im(∧rι) where

∧rι : ∧rM → ∧rN ∼= R is the top exterior power of ι.

This terminology is motivated by the following example.

Example 8. Let R = Z and let M ⊂ N be an inclusion of rank k free Z-modules. Then

the index [N : M ] is the same as the index [N : M ] of groups, i.e. [N : M ] ∈ Z/±1 is

the order of the quotient group N/M .

Lemma 8.2.9. Let L ⊂ M ⊂ N be rank k free R-modules, where R is a commutative

integral domain. Then [N : L] = [N : M ][M : L].

Proof. Let A ∈ GLR(N) satisfying im(A) = M and let B ∈ GLR(M) satisfying im(B) =

L. After tensoring by the quotient field Q, N ⊗R Q = M ⊗R Q = L ⊗R Q, so it

makes sense to compose A ⊗ Q and B ⊗ Q. Then [N : M ][M : L] = det(B)det(A) =

det(B ⊗Q)det(A⊗Q) = det(B ◦ A⊗Q) = [N : L].

Lemma 8.2.10. Let R be a commutative integral domain, and let Mi ⊂ Ni be an inclu-

sion of rank di free R-modules, for i = 1, 2. Then M1⊗M2 ⊂ N1⊗N2 is an inclusion of

rank d1d2 free modules, and

[N1 ⊗N2 : M1 ⊗M2] = [N1 : M1]d2 [N2 : M2]d1
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In particular, we get by iteration the formula [N⊗n1 : M⊗n
1 ] = [N1 : M1]nd

n
1 .

Proof. If Mi = im(Ai) where Ai ∈ GLR(Ni), then [N1⊗N2 : M1⊗M2] = det(A1⊗A2) =

det(A1)d2det(A2)d1 = [N1 : M1]d2 [N2 : M2]d1

We want to apply these ideas to images of localization maps for equivariantly formal

spaces.

Definition 6. For a topological space satisfying dimH(M) <∞, we define mass(M) =∑∞
d=0 d dim(Hd(M)).

Note that for M a compact manifold, Poincaré duality implies that:

mass(M) = dim(M) dim(H(M))/2 (8.10)

Proposition 8.2.11. Suppose M is an equivariantly formal K space for a compact torus

K, so that the localization map i∗ : HK(M)→ HK(MK) is an inclusion of equal rank free

H(BK)-modules. The index [HK(MK) : im(i∗)] is represented by an element f ∈ H(BK)

of pure degree:

deg(f) = mass(M)−mass(MK)

Proof. Let {ξi|i = 1, ...N} form a vector space basis for H(MK) and let {ηj|j = 1, ..., N}

form a basis for H(M), where both bases consist of elements of pure degree. The {ξi}

determines a H(BK)-basis {ξi ⊗ 1} for HK(MK) = H(MK) ⊗H(BK). By equivariant

formality, we may choose a section s : H(M) → HK(M) of the canonical projection,

respecting degrees and sending {ηj} to a H(BK)-basis for HK(M).

We have

i∗(s(ηj)) =
∑
i

ξi ⊗ αij

for some collection αij ∈ H(BK) satisfying deg(αij) = deg(ηj) − deg(ξi). The index

is represented by the determinant of the endomorphism of HK(MK) sending ξi ⊗ 1 to

i∗(s(ηj)), producing the formula:
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[HK(MK) : im(i∗)] =
∑
σ∈SN

N∏
i=1

αiσ(i)

and deg(
∏N

i=1 α
i
σ(i)) =

∑
i deg(αiσ(i)) =

∑
i deg(ησ(i)) − deg(ξi) = mass(M) −mass(MK)

completing the proof.

Now we focus on the case M = Xn,G(c). Recall (A.8) that there is a canonical

identification of H(BT ; C) with St∗C, so we may consider roots α ∈ ∆ as elements of

H2(BT ).

Lemma 8.2.12. If Rn,G(χ) is a free module over H(BT ), then index [HT (T n) : Rn,G(χ)]

is a multiple of
∏

α∈∆+ αn2nrk(G)−1

Proof. Because Rn,G(χ) ⊂ Rn,G(χ, α), we know by Lemma 8.2.9 that [HT (T n) : Rn,G(χ)]

is divisible by [HT (T n) : Rn,G(χ, α)], and it follows easily from the definition that

[HT (T n) : Rn,G(χ, α)] = αn2nrk(G)−1
. But α is irreducible in H(BT ) and H(BT ) is a

unique factorization domain so this completes the proof.

We will need the following technical result:

Lemma 8.2.13. Suppose c ∈ G is generic and Xn,G(c) is an equivariantly formal T -

space. Then the components Xn,G(c)χ are free H(BT )-modules.

Proof. By Theorem 8.2.3 we have a direct sum decomposition of H(BT )-modules:

HT (Xn,G(c)) = ⊕χ∈Ť2
HT (Xn,G(c))χ

By equivariant formality, HT (Xn,G(c)) is a freeH(BT )-module, so the summandsHT (Xn,G(c))χ

are projective. By a result of Quillen [34] this implies thatHT (Xn,G(c))χ is in fact free.

Proposition 8.2.14. Let G have rank r, let c ∈ G be generic and suppose that Xn,G(c)

is an equivariantly formal T -space with localization map i∗. Then:



Chapter 8. Efforts at Generalization 93

[HT (Xn,T (c)) : im(i∗)] =
∏
α∈∆+

αn(rnr+r−1) (8.11)

Proof. By Theorem 8.2.3 and Lemma 8.2.13 we know that

[HT (Xn,T (c)) : im(i∗)] =
∏
χ∈Ť2

[HT (T n) : Rn,G(χ)]

so by Lemma 8.2.12 we know the righthand side of (8.11) divides the lefthand side. To

prove equality we only need compute the degree of [HT (Xn,T (c)) : im(i∗)]. By Lemma

8.2.11 and (8.10) we have:

deg([HT (Xn,T (c)) : im(i∗)]) = mass(Xn,G(c))−mass(Xn,T (c)) = dim(Xn,G) dim(H(Xn,G))/2−dim(Xn,T ) dim(H(Xn,T ))/2

We knowXn,T is homeomorphic to 2r copies of T n so dim(Xn,T ) = nr and dim(H(Xn,T )) =

2r2nr = 2nr+r. We also know dim(Xn,G) = dim(Gn) = n dim(G) and by equivariant for-

mality (see Proposition A.2.3) dim(H(Xn,G)) = dim(Xn,T ). Putting this all together

gives:

deg([HT (Xn,T (c)) : im(i∗)]) = n(dim(G)− rk(G))2nr+r−1

This equals the rank of
∏

α∈∆+ αn(rnr+r−1) because dim(G)− rk(G) = #∆ = 2#∆+ and

the roots α have degree 2 in H(BT ).

Remark 17. We note that by Lemma 8.2.13, under the hypotheses of Theorem 8.2.15 the

graded components Rn,G(χ) must be free H(BT )-modules with index [HT (T n) : Rn,G(χ)] =∏
α∈∆+ αn2nrk(G)−1

.

Theorem 8.2.15. Let c ∈ G be a generic element and suppose Xs,G(c) is an equivari-

antly formal T -space, for s = n and s = 1. Then we have Z2 graded isomorphisms:

HT (Xn,G(c))χ = HT (X1,G(c))
⊗HT

n
χ and H(Xn,G(c))χ ∼= H(X1,G(c))⊗nχ .
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Proof. By Proposition 8.2.6 we have an injection of freeH(BT )-modulesHT (X1,G(c))
⊗HT

n
χ ↪→

HT (Xn,G(c))χ. Using Remark 17 and Lemma 8.2.10 we get,

[HT (T n) : HT (X1,G(c))
⊗HT

n
χ ] = [HT (T ) : HT (X1,G(c))χ]n2r

= (
∏
α∈∆+

α2r−1

)n2rn

=
∏
α∈∆+

αn2nr+r−1

= [HT (T n) : Rn,G(χ)]

so [HT (Xn,G(c))χ : HT (X1,G(c))
⊗HT

n
χ ] is a unit and so HT (Xn,G(c))χ = HT (X1,G(c))

⊗HT
n

χ

by Lemma 8.2.7. This induces an isomorphism H(Xn,G(c))χ ∼= H(X1,G(c))
⊗HT

n
χ by re-

striction of scalars (see (A.5)).

In the next proposition we show that the conclusion of Theorem 8.2.15 is true when

χ is 1, regardless of whether Xn,G(c) is equivariantly formal.

Proposition 8.2.16. Let 1 ∈ Ť2 denote the trivial character. Then R1(n,G) ∼= HT (Gn)

where we take the diagonal conjugation action of T on G.

Proof. We know (see example 9 of Appendix A) that Gn is equivariantly formal as a

T -space. Thus the localization map i∗ : HT (Gn) → HT (T n) is injective. Furthermore,

the proof of Proposition 8.2.1 implies that the codimension one subtori which stabilize

points outside T n are exactly the S(α) for α ∈ ∆, so im(i∗) = ∩α∈∆im(i∗α), where i∗α :

HT (Z(α)n) → HT (T n) is the localization map for the restricted action. By Proposition

8.1.9, im(i∗α) = R1,α so this coincides with the formula for R1.

Recall the projection map ρ : Xn,G(c) → Gn described in (8.1). In the commutative

diagram

HT (Xn,G) −−−→ HT (Xn,T )xρ∗ xρ∗T
HT (Gn) −−−→

i∗
HT (T n)
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both i∗ and ρ∗ are injective, so ρ∗ : HT (Gn)→ HT (Xn,G(c)) is also injective and its image

must lie in the trivial weight space HT (Xn,G(c))1. Proposition 8.2.16 and Theorem 8.2.3

imply:

Corollary 8.2.17. If Xn,G(c) is an equivariantly formal T -space, and c is generic, then

ρ induces an isomorphism ρ∗ : HT (Xn,G(c))1
∼= HT (Gn).

The Weyl group W = N(T )/T acts naturally on T2 by automorphisms, inducing an

action on Ť2. It also acts diagonally on T n × BT hence on HT (T n), and it is simple to

verify the following equality:

HT (Xn,G(c))w·χ = w ·HT (Xn,G(c)χ) ⊂ HT (T n) (8.12)

Proposition 8.2.3 reduces the computation of the Poincaré series and of generators

for HT (Xn,G(c)) to linear algebra. So far I do not have a clever method to use the ample

symmetry present to further simplify this linear algebra problem, but it is possible to

compute some interesting results using basic methods. Here we list a few results without

detailed calculations.

We concentrate on the case G = SU(3). The lie algebra su(3) has six roots, ∆ =

{±α1,±α2,±α3}, where we may choose αi ∈ su(3)∗ to satisfy α1 + α2 + α3 = 0. Let

βi := αi+1 − αi+2 where we consider the subscript mod 3. Then using the identifica-

tion HT (T n) ∼= (
∧

t∗C)⊗n ⊗ St∗C, the factorization into HT (αi)(T (αi)
n) ⊗ HS(αi)(S(αi))

corresponds to the factorization (
∧

C{αi})⊗n⊗C[αi]⊗ (
∧

C{βi})⊗n⊗C[βi], and the con-

straints described in Theorem 8.2.3 may be interpreted as restricting which monomials

may appear in expansions in these coordinates.

The rank of SU(3) is 2, so T2
∼= Ť2

∼= Z2
2. The three nontrivial characters in Ť2

form an orbit for the action of the Weyl group W , so by (8.12) the computation of

HT (Xn,SU(2)(c))χ is similar for each.
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Proposition 8.2.18. Suppose that X1,SU(3)(c) is a equivariantly formal T -space and

c ∈ SU(3) is generic. Let χ ∈ Ť2 be the character satisfying χ(exp(iπHα1)) = 1 and

χ(exp(iπHαi
)) = −1 for i = 2, 3. Then HT (X1,SU(2)(c))χ is a free H(BT )-submodule of

H(T )⊗H(BT ) generated by: 1⊗α2α3, (α2∧α1)⊗α1, α1⊗α1−β1⊗β1, and β1⊗(α2
1−β2

1).

Using (A.4) and Theorem 8.2.15, we can compute the conjectural cohomology ring

of Xn,SU(3). Proposition 8.2.18 correctly “predicts” that H(Xn,SU(3)(c)) is a Poincaré

duality ring of top degree 8n, and provides a conjectural Poincaré polynomial:

Pt(Xn,SU(3)(c)) = (1 + t3 + t5 + t8)n + 3(t3 + 2t4 + t5)n conjecturally (8.13)

Indeed, we may refine using the Ť2 ⊕ Z2 grading alluded to in Remark 15. For the

trivial Ť weight space we have:

Px,y(Xn,SU(3)(c)1) = (1 + xy2 + xy4 + x2y6)n conjecturally

and for χ one of the nontrivial weight spaces:

Px,y(Xn,SU(3)(c)χ) = (y4 + xy4 + xy2 + x2y2)n conjecturally

Remark 18. A common way to prove equivariant formality for a torus action on a

manifold is to produce a Morse function whose critical set coincides with the fixed point

set. If this were possible on Xn,SU(3) then because the fixed point components are all

isomorphic to T n, Pt(Xn,SU(3)) would have to be divisible by (1 + 2t + t2)n, which is

not the case for n ≥ 1. On the other hand, the second term in equation is divisible by

(1 + 2t+ t2)n, a fact which may be of significance.
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8.3 Hom(π1, G) as a cohomological covering space

One fruitful place to apply Theorem 7.1.3 is when X = G is a compact connected Lie

group, and G acts on X by conjugation.

Definition 7. Let G be a compact connected Lie group, T ⊂ G a maximal torus. Let

G̃ = G/T ×W T .

It follows from Theorem 7.1.3 that the map φ : G̃ → G is G-equivariant and in-

duces a rational cohomology isomorphism. This is a compact version of the well known

Grothendieck resolution. The projection map

π : G̃→ G/N(T ) (8.14)

is a group bundle with fibres isomorphic to T . The space G/N(T ) is naturally identified

with the moduli space of maximal tori in G, and the space G̃ can be thought of as the

space obtained by “blowing up” the intersection loci of maximal tori in G so that they

become disjoint. By the Kunneth theorem, the product map φ×n : G̃n → Gn is also

a rational cohomology isomorphism. Indeed, by Remark 4.0.6, if Y ⊂ Gn is a closed

subspace, and Ỹ = (φ×n)−1(Y ), then the restricted map ψ := φ×n|X : Ỹ → Y induces an

isomorphism in cohomology. In particular, applying this construction to Xn,G(c) ⊂ Gn+1

gives

X̃n,G(c) ⊂ G̃n+1

equipped with a map φ : X̃n,G(c)→ Xn,G(c) inducing a cohomology isomorphism.

Now consider the map sq := 20 : G → G, g → g2. This lifts to a map s̃q : G̃ →

G̃, (x, t)→ (x, t2), so that
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G̃

s̃q

��

φ // G

sq

��
G̃

φ // G

commutes. It is useful to work with s̃q instead of sq because s̃q is a covering map. This

is most easily understood in terms of the group bundle of (8.14). Since s̃q is defined in

terms of the second factor of G̃ = (G/T ×W T ), the diagram

G̃
s̃q //

π

��

G̃

π

��
G/N(T ) id // G/N(T )

commutes, so s̃q maps fibres to themselves. The fibres are isomorphic to maximal tori and

the restriction of s̃q is just the squaring map for the torus, which is a 2rk(T ) = 2rk(G)-fold

covering map, where rk(G) denotes the rank of G. Thus:

Proposition 8.3.1. The squaring map sq : G→ G is a cohomological covering map for

field coefficients of characteristic relatively prime to the order of the Weyl group.

Taking products, s̃q×IdG̃n : G̃n+1 → G̃n+1 is again a covering map, as is its restriction

ρ̃ : X̃n,G(c)→ Z̃, where Z := {(g0, ..., gn) ∈ Gn+1|g0

∏n
i=1 g

2
i = c}. Of course, Z ∼= Gn by

projecting onto the last n factors, so we get a commutative diagram:

X̃n,G(c) −−−→ Xn,G(c)y yρ
Z̃ −−−→ Gn

(8.15)

and deduce the corollary:

Corollary 8.3.2. The projection map ρ : Xn,G(c) → Gn is a cohomological covering

map.

Theorem 8.3.3. The variety Xn,G(c) has Euler characteristic zero for n > 0, and Euler

characteristic 2rk(G) for n = 0.
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Proof. We use the notation e(X) to denote the Euler charateristic of X. Because Xn,G(c)

is a 2rk(G) fold cohomological covering space over Gn we have:

e(Xn,G(c)) = 2rk(G)e(Gn)

Recall that H(G,Q) is an exterior algebra on odd generators, so e(G) = 0, and conse-

quently e(Gn) = 0 if n > 0 and e(G0) = 1.

Sadly, ρ is not a principal bundle as we shall see. We introduce the notation Aut(f)

for the group of deck transformations of a covering map f : X → Y .

Definition 8. For a connected topological space Y , a covering map f : X → Y is called

regular if Aut(f) acts freely and transitively on fibres.

This is equivalent to X being a connected Aut(f)-principal bundle over Y . To de-

termine Aut(s̃q) for s̃q : G̃ → G̃ we will use another covering map π : G/T × T → G̃ =

G/T ×W T . Denote G/T × T by Ĝ for the sake of brevity. We construct yet another

covering map by forming the fibred product:

Ĝ×G̃ G̃ //

��

p

""FFFFFFFFF G̃

s̃q

��

Ĝ
π // G̃

(8.16)

where by definition, Ĝ ×G̃ G̃ = {(x, y) ∈ Ĝ × G̃|π(x) = s̃q(y)}. We can identify Ĝ ∼=

Ĝ ×G̃ G̃ by sending (gT, t) → (gT, t2), [gT, t]). The covering map p : Ĝ → G̃ is regular.

Let T2 := {t ∈ T |t2 = 1T} be the subgroup of 2-torsion elements in T .

Proposition 8.3.4. The covering map p : Ĝ → G̃ is a regular covering map, with deck

transformation group Aut(p) isomorphic to the semidirect product W nAd T2.

Proof. Let W act on Ĝ by (gT, t) · n = (gnT, n−1tn) for n ∈ N(T ) as before, and let

T2 act by (gT, t) · k = (gT, t + k). Clearly both groups act by deck transformations

for p and so define disjoint inclusions of W and T2 into Aut(p). It is also clear that
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the group generated by T2 and W acts transitively on fibres of p and so must generate

Aut(p). Thus we have a bijection of sets W × T2 → Aut(p). Now consider composition

of automorphisms:

(gT, t) · n · k · n−1 = (gnT, n−1tn+ k) · n−1 = (gT, t+ nkn−1) = (gT, t) · Adn(k)

so T2 includes as a normal subgroup of Aut(p), and W acts on it via the adjoint action.

This completes the proof.

Corollary 8.3.5. The covering map s̃q : G̃→ G̃ has deck transformation group Aut(s̃q)

isomorphic to TW2 , the Weyl invariant 2-torsion elements in T .

Proof. Consider the fibre product diagram (8.16). The pullback of bundle automorphisms

must induce an inclusion,

π∗ : Aut(s̃q) ↪→ Aut(π∗(s̃q)) ∼= T2

However, a deck transformation k ∈ Aut(π∗s̃q) descends to an automorphism of the orbit

space Ĝ/W = G̃ if and only if kWk−1 = W , so that kwk−1w−1 ∈ W for all w ∈ W .

On the other hand, W normalizes T2 in Aut(π∗s̃q) so kwk−1w−1 ∈ T2 ∩W = Id and

k ∈ TW2 .

The next theorem implies that when G is simply connected the covering transforma-

tions of s̃q intertwine with left multiplication by a central element of G:

Proposition 8.3.6. For G compact, connected and simply connected, TW = Z(G). Con-

sequently, TW2 = Z(G)2 the 2-torsion elements in Z(G).

Proof. Certainly TW ⊇ Z(G). Now assume t ∈ T is fixed by the Weyl group, i.e.

that Gt ⊇ NG(T ). By Bott’s theorem, Gt is connected, so G/Gt is simply connected,

orientable closed manifold. Consider the fibration sequence,

Gt/NG(T )→ G/NG(T )→ G/Gt
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By Lemma A.2.4, the fibre and the total space have trivial rational cohomology. Thus

consideration of the Serre spectral sequence implies that G/Gt also has trivial rational

cohomology. Since it is also an oriented closed manifold, it must be a point and G =

Gt.

However when G is not simply connected, Aut(s̃q) may not descend to self maps of

G as can be seen in the case of SO(3).

The product G̃n+1 inherits a product action by (TW2 )n+1 action. By construction, this

action leaves the map 2n ◦ φ : G̃n+1 → G invariant so it restricts to X̃n,G(c). Thus,

Proposition 8.3.7. The space X̃n,G(c) admits a free action by (TW2 )n+1, commuting with

the G action.

Using ψ to identify H(X̃n,G(c)) ∼= H(Xn,G(c)) gives us:

Corollary 8.3.8. The rings H(Xn,G(c)) and HG(Xn,G(c)) admit actions by (TW2 )(n+1).

This action is not effective in general, nor is it trivial. We will mostly focus on the

action of the subgroup TW2 acting on the 0th factor.

Proposition 8.3.9. For G with fundamental group of odd order and n ≥ 2, the auto-

morphism group Aut(ρ̃) is isomorphic to TW2 , where ρ̃ : X̃n,G(c)→ Z̃ is the covering map

appearing in diagram (8.15).

Proof. ρ̃ is a restriction of the connected covering space s̃q × IdG̃ : G̃n+1 → G̃n+1, and

we know by Corollary 8.3.5 that Aut(s̃q × IdG̃) ∼= TW2 . It follows that by restriction, we

get an inclusion TW2 ↪→ Aut(ρ̃).

To prove this inclusion is an isomorphism, we will show that the order of Aut(ρ̃) is

at most equal to the order of TW2 . Let d ∈ G̃ satisfy φ(d)2 = c. Then the inclusion

map i : X1,G(1G) ↪→ Xn,G(c), defined by (x1, x2) ↪→ (x1, x2, d, 1̃G, 1̃G, ..., 1̃G) induces an

inclusion Aut(ρ̃) ↪→ Aut(ρ̃′), where ρ′ : X̃1,G(1G) → G̃ is the (1, G, 1G) case of ρ. So we

are reduced to proving the X1,G(1G) case.
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Consider the set

Z := (G̃× {[T, 1T ]}) ∩ X̃1,G(1G).

Evidently Z = {([gT, k], [T, 1T ]) | k ∈ T2} ⊂ G̃2 and is left invariant under the deck

transformations of ρ′.

For each k ∈ T2, we define the map fk : G/T → X̃1,G(1G) by fk(gT ) = ([gT, k], [T, 1T ]).

The map fk factors through the quotient (G/T )/Wk, where Wk is the stabilizer of k un-

der the action of W on T2. In fact, fk induces an isomorphism f̄k from (G/T )/Wk onto

a component of Z, and taking the f̄k together we get an isomorphism

Z ∼=
∐

[k]∈T2/W

(G/T )/Wk

where the union is indexed by the W -orbits of T2. The Euler number of (G/T )/Wk is

equal to |W/Wk|, so in particular the deck transformations of ρ′ must leave invariant the

union of components corresponding to trivial W -orbits. The fibres of ρ′ can intersect a

trivial W -orbit component only once so because Aut(ρ′) must act freely, we discover that

Aut(ρ′) can be no larger than TW2 .

Proposition 8.3.9 is regrettable in view of Theorem 8.2.3. It suggests that even if

equivariant formality holds for Xn,G, the weight space decomposition implied by Theorem

8.2.3 is not generally induced by a T2 action on Xn,G or on X̃n,G. However I suspect that

there is more to be gained from this construction. For instance, the cohomology of

H(Xn,SU(2)) imbeds as a subring of H(SU(2)/T ×T ) in a fairly obvious way. Better still,

it embeds in RT2 ⊗H(SU(2)/T × T ) as a graded subring, while HT (Xn,T ) is isomorphic

to RT2⊗HT (T n). It is unclear if these coincidences are really just coincidences or if these

are examples of a general phenomenon, but it seems worth exploring.



Appendix A

Equivariant cohomology

A.1 Borel model

In this section, we briefly review equivariant cohomology from the Borel model perspec-

tive. Unless otherwise stated, we work over a characteristic zero coefficient field k. We

will casually use the term free action to mean a principal bundle action. Because we

work with a compact Lie group, slice theorems (see for instance Montgomery-Yang [30])

implies that free actions are the same thing as principal bundles for continuous actions

on manifolds or real algebraic varieties. Our main sources are Atiyah-Bott [2] and Hsiang

[23].

Let G be a compact, connected Lie group and X a topological space with continuous

left G action. Let EG → BG be a universal principal G-bundle, i.e. a principal bundle

for which EG is contractible. We adopt the convention that for principal G-bundles, G

acts on the right. We define the equivariant cohomology HG(X) := H(XG) to be the

singular cohomology of the space XG obtained by the mixing construction:

XG := EG×G X (A.1)

where EG×GX denotes the quotient of EG×X by the left action, g · (e, x) ∼ (eg−1, gx).
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Notice that the projection map projX : E ×X → X is a G-equivariant and a homotopy

equivalence and that G acts freely on EG×X. In fact, it is easy to see that if Y → X

is a G-equivariant and a homotopy equivalence and G acts freely on Y , then HG(X) ∼=

HG(Y ) ∼= H(Y/G).

The homotopy quotient XG projects naturally onto the classifying space BG = EG/G

forming a fibre bundle with fibre X. We will call this the standard fibre bundle. For G

connected, the homotopy long exact sequence for the bundle implies that BG must be

simply connected.

We adopt the notation HG := H(BG). The standard fibre bundle

π : XG → BG (A.2)

induces a natural map

π∗ : HG → HG(X) (A.3)

making HG(X) into an HG-module.

The Serre spectral sequence of the standard fibration is frequently used to compute

HG(X). If this spectral sequence collapses at the E2 page, then HG(X) ∼= H(X) ⊗HG

as HG-modules and we say that the action is formal. When the action is formal, the

Leray-Hirsch theorem implies that

HG(X)/(H+
G ∪HG(X)) ∼= H(X) (A.4)

whereH+
G is the ideal of positive degree elements inHG. Alternatively, becauseHG/H

+
G =

H0
G(pt) = k we can pass from equivariant to ordinary cohomology for equivariantly formal

spaces via restriction of scalars:

HG(X)⊗HG
H0(pt) = H(X) (A.5)

In the remainder of this section we prove a collection of lemmas that we will need to

make use of.
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Lemma A.1.1. Suppose G acts on X and that for a normal subgroup H ⊂ G, the

restricted action of H on X is free. Then the quotient X/H inherits an action by G/H

and HG(X) ∼= HG/H(X/H).

Proof. Let E be a classifying bundle for G and hence also for H under the restricted

action. The projection map E ×H X → X/H is G/H equivariant and a fibre bundle

with contractible fibre E, hence a homotopy equivalence. Because G/H acts freely on

E ×H X, we find by the remarks following (A.1) that HG/H(X/H) ∼= HG/H(E ×H X) ∼=

H((E ×H X)/(G/H)) ∼= HG(X).

Lemma A.1.2. Let X and Y be G-spaces and let φ : X → Y be an equivariant map.

If H(φ) : H(Y ;F ) → H(X;F ) is an isomorphism in cohomology over a field F , then

HG(φ) : HG(Y ;F )→ HG(X;F ) is also an isomorphism.

Proof. If H(φ) : H(Y ;F )→ H(X;F ) is an isomorphism, then the induced map between

the Serre spectral sequence for YG → BG and XG → BG is an isomorphism at the E2

page and so induces an isomorphism at E∞ = HG as well.

Lemma A.1.3. Let G act on X and let H ⊂ G be a subgroup stabilizing every point, so

that there is an induced G/H action on X. Then over fields F satisfying H∗(BH;F ) ∼=

H∗(pt;F ), there is an isomorphism HG(X;F ) ∼= HG/H(X;F ).

Proof. Let E be the classifying bundle for G. Because H acts trivially, we have a pro-

jection map

E ×H X = BH ×X projX−−−→ X

and ifH∗(BH;F ) ∼= H∗(pt;F ) then the Kunneth theorem implies that proj∗X : H(X;F ) ∼=

H(E ×H X;F ). Thus, HG(X;F ) ∼= H(E ×G X;F ) ∼= H((E ×H X)/(G/H);F ) ∼=

HG/H(E ×H X;F ) ∼= HG/H(X), where the final equality is an application Lemma A.1.2.

It was mentioned briefly above that if G acts freely on X, then HG(X) ∼= H(X/G).

We will need a slight generalization of this:
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Lemma A.1.4. Let G act on X preserving an open subset Y and suppose G acts freely

on the complement of Y ⊂ X. Then HG(X, Y ) ∼= H(X/G, Y/G).

Proof. The subset of X where G acts freely is open by the slice theorem, so the set Z ⊂ Y

with nontrivial isotropy is closed. We get isomorphisms HG(X, Y ) ∼= HG(X−Z, Y −Z) ∼=

H((X − Z)/G, (Y − Z)/G) ∼= H(X/G, Y/G) by using excision twice and the freeness of

G acting on X − Z.

When we actually come to apply Lemma A.1.4 we will replace Y with fixed point set

Z, which is closed. This is valid so long as Z possesses a G-invariant open neighbourhood

into which it includes as a homotopy equivalence, which will always be the case for us.

Lemma A.1.5. Let G act on X and let H act on Y , and let G ×H act on X × Y by

the product action. Then HG×H(X × Y ) ∼= HG(X)⊗HH(Y ).

Proof. Easy consequence of the observation that a possible model for E(G×H) is EG×

EH.

Lemma A.1.6. Let X be a G-space and let φ : X → G/K be a G-equivariant map

where K ⊂ G is a subgroup and G/K the homogeneous space of cosets. Let Y ⊂ X be

the preimage of the identity coset, Y = φ−1(K). Then restricted action of K on X leaves

Y invariant and HG(X) ∼= HK(Y ).

Proof. Every G orbit of X intersects Y precisely as in K orbit in Y , so the inclusion

Y ↪→ X induces an isomorphism Y/K ∼= X/G. The same thing can be said about E×Y

and E ×X so the homotopy quotients are isomorphic: YK ∼= XK .

A.2 Torus actions and localization

In this section, let T := U(1)m be a compact torus of rank m. We again work over a

characteristic zero coefficient field k, unless otherwise stated. The following theorem is
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called the localization theorem and is of central importance to equivariant cohomology.

A proof can be found in Hsiang [23].

Theorem A.2.1. Let T = (S1)m be a torus and let X be a compact Hausdorff T -space.

Let i : XT ↪→ X be the inclusion of the fixed point set, inducing a map i∗ : HT (X) →

HT (XT ).The kernel and cokernel of i∗ are torsion HT -modules.

The map i∗ : HT (X) → HT (XT ) is called the localization map. If a T -space X is

equivariantly formal, then HT (X) is torsion free and so Theorem A.2.1 implies that the

localization map is injective. In §8.2, we will make use of the following theorem, called

the Chang-Skjelbred Lemma, to compute the image of a localization map.

Theorem A.2.2. Let X be a T -space and suppose that the localization map i∗ : HT (X)→

HT (XT ) is injective. Then the sequence

0 −−−→ HT (X)
i∗−−−→ HT (XT )

δ−−−→ HT (X1, X
T )

is exact, where X1 ⊂ X is the set of points with isotropy group of codimension ≤ 1 in T ,

and δ is the boundary map in the LES of the pair (X1, X
T ). In particular, if j : XT → X1

is the inclusion map, then HT (X) ∼= im(j∗) = im(i∗) ⊂ HT (XT ).

Combining the localization theorem with the Serre spectral sequence of the standard

fibration gives (see [14] or Guillemin-Sternberg [17] Bibliographical notes to Chapter 11):

Proposition A.2.3. Under the hypotheses of Theorem A.2.1, dimH(XT ) ≤ dimH(X),

with equality if and only if the action is equivariantly formal.

Example 9. Let G be a compact, connected Lie group with max torus T and let T act

on G by conjugation so that GT = T . Both H(T ) and H(G) are exterior algebras over

rk(G) generators, so dimT =dimG and the action is equivariantly formal.

When G is a connected, compact Lie group with maximal torus T , any G-space X

becomes a T -space by restricting the action. EG also forms a model for ET under the
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restricted action, and there is a natural map ρ : XT → XG, which is a fibre bundle with

fibre G/T . In fact, there is a natural identification

XT
∼= (X ×G/T )G (A.6)

where G acts by left multiplication on the homogeneous space G/T , and G acts on the

product X ×G/T via the diagonal action. Under this identification, the fibre bundle is

just the projection map (X ×G/T )G → XG.

The homotopy quotient XT retains a natural action of the Weyl group W = N(T )/T

and we obtain an isomorphism:

ρ∗ : HG(X;F ) ∼= HT (X;F )W (A.7)

when F is a field of characteristic relatively prime to the order of W . In fact, by Proposi-

tion A.2.4 (ρ : XT → XG,W ) is a cohomological principal bundle, so this formula follows

from Proposition 4.0.10.

Proposition A.2.4. Let G be a compact, connected Lie group with maximal torus T .

Then H(G/NG(T );F ) ∼= H(pt;F ) for gcd(char(F ),#WG) = 1.

Proof. Since G/T has a CW structure with #WG cells (the Schubert cells) all in even

degrees,

H(G/NG(T );F ) = H(G/T ;F )WG

has Euler characteristic 1, and is zero in odd degrees, and so must be trivial.

As a graded ring,

H(BG; R) ∼= (St∗)W (A.8)

the Weyl invariant part of the symmetric algebra over t∗C, where tC is the complexified

Lie algebra of a maximal torus in G and we set the degree of t∗C = 2. This is a polynomial
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algebra with even degree generators. For instance, when G = U(N) the generators are

the universal Chern classes {c1, c2, ..., cN}. In particular,

H(BU(1)) ∼= C[c1] (A.9)

Let E → X be an equivariant vector bundle over a T -space X. The mixing con-

struction gives rise to a vector bundle over the homotopy quotient: EG → XG. An

equivariant characteristic class for E → X is simply an ordinary characteristic class

EG → XG. Functoriality and behaviour under Whitney sums of equivariant cohomology

classes is inherited from properties of ordinary characteristic classes.

Example 10. Let U(1) act on C with weight k, and view this as an equivariant bundle

over a point, f : C → pt. Then the equivariant Euler class satisfies eU(1)(f) = kc1 ∈

H(BU(1)).
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Graded objects and Poincaré

polynomials

Throughout we work with vector spaces over a field F .

Given a set I, we say a vector space V is I-graded if V decomposes into a direct

sum, V = ⊕i∈IV i. Sometimes it is preferable to use subscripts V = ⊕i∈IVi. The direct

sum V ⊕ W of two I-graded vector spaces is naturally endowed with a I-grading by

(V ⊕W )i = V i ⊕W i.

Usually we will work with an index set I = Γ where Γ is an abelian group. Given

two graded vector spaces V and W , the tensor product V ⊗W inherits a Γ-grading by

(V ⊗W )g = ⊕h∈ΓV
h⊗W g−h. A linear map L : V → W between Γ-graded vector spaces

V and W is called a degree g map if L(V h) ⊂ W g+h for all h ∈ Γ.

An algebra A is graded over Γ if A = ⊕g∈ΓA
g is a graded vector space, and the

product m : A ⊗ A → A sends Ag ⊗ Ah to Ag+h. A left (right) A-module M is called

Γ-graded if M is Γ-graded as a vector space and the module action sends Ag ⊗Mh to

M g+h (resp. M g ⊗ Ah to M g+h). Equivalently, the endomorphism of M defined by left

(right) multiplication by a ∈ Ag is a degree g map on from M to M . Given a Γ-graded

right A-module M and a Γ-graded left A-module N , the tensor product M ⊗R N is a
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Γ-graded vector space under the grading [(m,n)] ∈ (M⊗RN)g+h if m ∈M g and n ∈ Nh.

If M is a Γ-graded bimodule then, M ⊗R N becomes a Γ-graded left A-module.

Example 11. The group algebra FΓ is a Γ-algebra with grading (FΓ)g = Fg.

Example 12. The cohomology ring of a pair, H(X,A;F ) is a Z-graded algebra. The long

exact sequence of the pair induces degree 0 graded algebra homomorphisms H(X,A) →

H(X)→ H(A) and a degree 1 linear map d : H(A)→ H(X,A). Furthermore, H(X,A),

H(X) and H(A) are all Z-graded H(X)-modules via the cup product, and the above maps

are Z-graded module morphisms.

Example 13. Let Γ be a finite abelian group acting on a vector space V over an alge-

braically closed field F with characteristic relatively prime to the order of Γ. Then the

decomposition of V into Γ-weight spaces induces a Γ̌-grading on V , where Γ̌ is the group

of characters for Γ. If Γ acts by automorphisms on an algebra A, then A becomes a

Γ̌-graded algebra.

For a Z-graded vector space V with dim(V i) <∞, we define the Poincaré series

Pt(V ) =
∑
i∈Z

dim(V i)ti

which is a Laurent series if dim(V i) = 0 for i sufficiently small. The Poincaré series

satisfies the identities Pt(V ⊕ W ) = Pt(V ) + Pt(W ) and Pt(V ⊗ W ) = Pt(V )Pt(W ).

For a topological space X, we will use the shorthand Pt(X) = Pt(H(X)), where the

cohomology theory H(.) should be clear from the context. For a G space X, we will

denote PG
t (X) = Pt(HG(X)).

Similarly, for a Zk-graded vector space V , we define multivariable Poincaré polyno-

mials

Pt1,...,tk(V ) =
∑

dim(V (i1,...,ik))ti11 ...t
ik
k .
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Just as in the single variable case we have Pt1,...,tk(V ⊕W ) = Pt1,...,tk(V ) + Pt1,...,tk(W )

and Pt1,...,tk(V ⊗W ) = Pt1,...,tk(V )Pt1,...,tk(W ).



Appendix C

The representation variety and flat

bundles

We import some notation from the introduction: let Σn := (RP 2)#(n+1) and let Σ∗n :=

Σn−D2 be the surface with boundary obtained by removing a small disk from Σn and let

π∗1 := π1(Σn). The representation variety HomC(π
∗
1, G) is homeomorphic to the moduli

space of based flat G-connections over Σ∗n, with holonomy around the boundary lying in

C. The homeomorphism is defined as follows: Σ∗n is homotopy equivalent to a wedge of

circles so all principal G-bundles over Σ∗n are trivializable (remember G is connected).

Let Aflat(C) denote the set of flat connections on the trivial bundle P = Σ∗n × G → Σ∗n

with holonomy around γ lying in C. Choosing a base point p ∈ P lying over b0, we may

define the holonomy map

hol : Aflat(C)→ HomC(π1, G)

which is surjective. Let G := C∞(Σ∗n, G) denote the gauge transformation group for P ,

and let Gp ⊂ G denote the isotropy subgroup for p. These fit into a short exact sequence:

1→ Gp → G → G→ 1

113



Appendix C. The representation variety and flat bundles 114

The action of G on P induces an action on Aflat(C), and the restriction of this action to

Gp is free, leaves hol invariant and induces a bijection:

h̄ol : Aflat(C)/Gp ∼= HomC(π1, G)

which is a homeomorphism if Aflat(C) and G are endowed with appropriate topologies

(see Atiyah-Bott [2] for more detail). The residual G/Gp ∼= G action on Aflat(C)/Gp is

intertwined by h̄ol with the conjugation action of G on HomC(π1, G), so we obtain an

isomorphism of equivariant cohomology rings: (see Lemma A.1.1)

h̄ol
∗

: HG(HomC(π1, G)) ∼= HG(Aflat(C))
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Real algebraic geometry

We summarize a few properties of real algebraic and semialgebraic varieties. Our main

reference is [4].

Definition 9. An affine real algebraic set is the the common zero set of a finite number

of real polynomials in R[x1, ..., xk] for some k.

We will drop affine for the rest of the paper, since most real algebraic sets of interest

are affine anyway.

A real algebraic set has a topology induced from Rk equipped with the Euclidean

topology, which we will refer to as the classical topology and unless otherwise stated,

this is the topology we work with. It also possesses a Zariski topology, with closed sets

made up of algebraic subsets.

Definition 10. Let X ⊂ Rm and Y ⊂ Rn be algebraic sets. A map f : X → Y between

real algebraic sets is called regular if it extends to a map (f1, ..., fn) : Rm → Rn where the

fi are polynomial functions on Rm. A regular function on X is a regular map from X to

R.

Regular maps are continuous in both the classical and Zariski topologies.
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It will be useful occasionally to consider algebraic sets independently from their am-

bient space. We may restrict attention to the intrinsic data of the algebraic set X with

its Zariski topology, and the ring of regular functions R(X) from X to R.

Definition 11. An (affine) real algebraic variety is a topological space V , equipped with

a ring R(V ) of real valued functions, which is isomorphic to an algebraic set X ⊂ Rn

with its Zariski topology, equipped with its ring of regular functions R(X).

The next definition from Durfee [11] will be of particular importance for us.

Definition 12. Let M be an algebraic set, and X a compact algebraic subset of M such

that M \ X is nonsingular. A rug function for X in M is a proper regular function

α : M → R such that α(x) ≥ 0 for all x ∈M and α−1(0) = X.

Rug functions always exist and the inclusion map

i : X ↪→ α−1([0, ε)) (D.1)

is a homotopy equivalence for sufficiently small ε > 0. We will call these neighbour-

hoods algebraic neighbourhoods, though Durfee uses this term to refer to the closed

analogue α−1([0, ε]). When X is nonsingular, algebraic neighbourhoods are the tubular

neighbourhoods familiar to smooth geometers.

According to [10] every compact Lie group K can be given the structure of a real

algebraic group in a unique fashion, meaning that K is an algebraic variety and the

multiplication and inverse maps are regular. In fact, every such K may be embedded as

an algebraic subgroup of U(m) for some m. The subset of Kn of commuting elements

is defined by the
(
n
2

)
equations of the form gigjg

−1
i g−1

j = I, and so is a Zariski subset of

Kn, which proves:

Proposition D.0.5. Let K be a compact Lie group. The set of commuting n-tuples in

Kn is a compact real algebraic variety.
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We will need to make use of the following larger class of spaces.

Definition 13. A real semialgebraic set is a subset of Rk for some k, which is a finite

union of sets each determined by a finite number of polynomial inequalities.

We topologize semialgebraic sets as subspaces of Euclidean space. We note that a

result similar to (D.1) holds for semialgebraic sets, but we won’t need it.

Semialgebraic sets have nice topological properties. For instance, the local structure

around a nonisolated point is always isomorphic to a cone (see [4] 9.3.6). A consequence

is:

Theorem D.0.6. Let X be a semialgebraic set, and x ∈ X. Let B(x, ε) denote the open

ball of radius ε centered at x. Then for ε > 0 sufficiently small, the set B(x, ε) ∩ X is

contractible.

We also know that compact semialgebraic sets may be triangulated, see ([4] 9.4.1).

Theorem D.0.7. Let X be a compact semialgebraic set. Then X is homeomorphic to

the geometric realization of a finite simplicial complex.

One of the nice things about semialgebraic sets is that they behave well under group

quotients.

Let X ⊂ Rm be an algebraic set. We say the action of a compact Lie group K on X is

linearized if it extends to a linear representation K → Gl(Rm). The ring of K-invariant

polynomials on Rm is finitely generated, and a choice {p1, ..., pl} of generators determines

a regular map p : X → Rl, which is invariant under the action of K. Let Y denote the

image of p. The following theorem is from [35].

Theorem D.0.8. Y is a semialgebraic set in Rl and p determines a homeomorphism

between X/K and Y .

With extra conditions, we can sometimes deduce that X/K actually gains the struc-

ture of an algebraic set.
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Assume that G is a compact Lie group and that H ⊂ G is a closed subgroup. Given

an algebraic set X with linearized H action, we can form the mixed quotient G ×H X,

which is the quotient of G × X by the right action h · (g, x) = (gh, h−1x). The mixed

quotient retains a left G action by g′ · [(g, x)] = [(g′g, x)]. The following is from [10].

Theorem D.0.9. G×H X acquires the structure of an algebraic variety for which the G

action may be linearized.
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