
Practice Putnam Problems

April 16, 2013

Below I’ve collected some of the most do-able Putnam problems from recent years.
If you are interested in taking part in the Putnam competition, then working on these
problems is good way to practice.

B2: Let S be the set of all ordered triples (p, q, r) of prime numbers for which at least
one rational number x satisfies px2 + qx + r = 0. Which primes appear in seven or more
elements of S ?

A1: Given a positive integer n, what is the largest k such that the numbers 1,2,...,n
can be put into k boxes so that the sum of the numbers in each box is the same? [When
n = 8, the example {1, 2, 3, 6}, {4, 8}, {5, 7} shows that the largest k is at least 3.]

A2: Find all differentiable functions f : R→ R such that

f ′(x) =
f(x + n)− f(x)

n

for all real numbers x and all positive integers n.
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B1: Is there an infinite sequence of real numbers a1, a2, a3, ... such that

am
1 + am

2 + am
3 + ... = m

for every positive integer m?

B2: Given that A, B, and C are noncollinear points in the plane with integer coordi-
nates such that the distances AB, AC, and BC are integers, what is the smallest possible
value of AB.

A1: Let f be a real-valued function on the plane such that for every square ABCD in
the plane,

f(A) + f(B) + f(C) + f(D) = 0.

Does it follow that f(P ) = 0 for all points P in the plane?

B1: Show that every positive rational number can be written as a quotient of products
of factorials of (not necessarily distinct) primes.

For example,
10

9
=

2! · 5!

3! · 3! · 3!
.
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A1 Let f : R2 → R2 be a function such that f(x, y) + f(y, z) + f(z, x) = 0 for
all real numbers x, y, and z. Prove that there exists a function g : R → R such that
f(x, y) = g(x)− g(y) for all real numbers x and y.

A2: Alan and Barbara play a game in which they take turns filling entries of an
initially empty 2008× 2008 array. Alan plays first. At each turn, a player chooses a real
number and places it in a vacant entry. The game ends when all the entries are filled.
Alan wins if the determi- nant of the resulting matrix is nonzero; Barbara wins if it is
zero. Which player has a winning strategy?

B1: What is the maximum number of rational points that can lie on a circle in
R2 whose center is not a rational point? (A rational point is a point both of whose
coordinates are rational numbers.)

B1: Let f be a polynomial with positive integer coefficients. Prove that if n is a
positive integer, then f(n) divides f(f(n) + 1) if and only if n = 1. [Editors note: one
must assume f is nonconstant.]
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